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LABORATORY TESTS OF THREE-SPAN REINFORCED
CONCRETE ARCH BRIDGES WITH DECKS
ON SLENDER PIERS
I. INTRODUCTION
1. Object and Scope of Investigation. -A multiple-span arch
bridge differs from a single-span arch in that, for the latter, the ends
are fixed, whereas, for the former, the fixed points of the structure
are the outer ends of the two end spans and the bases of the inter-
mediate piers. As a live load crosses a multiple-span arch bridge the
uneven loading of the two spans adjacent to a pier produces a hori-
zontal thrust and a moment at the top of the pier which move the
top even though the pier bases and the abutments are fixed. This
movement of the pier top produces reactions at the ends of the ad-
jacent arches which differ materially from the reactions that would
be produced by a fixed abutment supporting a similar single-span arch
carrying the same load.
The investigation described in this bulletin consists of tests of a
three-span arch series on high piers, each span being composed of a
rib with spandrel columns and a deck. For one structure, the deck
was a considerable distance above the rib at the crown; for a second
structure the deck was so low as to be integral with the rib at the
crown. Each structure as originally built had no expansion joints in
the deck except over the piers. After each structure had been tested,
expansion joints were cut in the deck near the one-third point of each
span, and the resulting structure was again tested. The structure with
a high deck, both with and without intermediate expansion joints, was
tested at pier heights of 20 ft., 15 ft., and 10 ft., respectively. The
structure with a low deck was tested at a pier height of 20 ft. only.
The object of this investigation was to obtain the following in-
formation relative to the structures described:
(1) The elastic constants for a single span
(2) The influence ordinates for fixed-end reactions for a single
span
(3) The influence ordinates for reactions at the springings of all
spans of the three-span structures
(4) The magnitude and position of the thrust due to the design
load
ILLINOIS ENGINEERING EXPERIMENT STATION
(5) The effect of intermediate expansion joints in the deck upon
the load-carrying capacity of the three-span structure
(6) The maximum carrying capacity of the three-span structure.
2. Acknowledgments.-The tests described in this report are a part
of the investigation resulting from the cooperative agreement entered
into by the Engineering Experiment Station of the University of Illi-
nois, of which DEAN M. L. ENGER is the director, and the United
States Bureau of Public Roads, of which THOMAS H. MACDONALD is
Chief of Bureau. The tests were planned by PROF. WILBUR M. WILSON
in consultation with MR. E. F. KELLEY, Chief of Division of Tests,
and MR. A. L. GEMENY, Senior Structural Engineer, both of the United
States Bureau of Public Roads, and with PROF. GEORGE E. BEGGS,
E. H. HARDER, A. C. JANNI and PROF. CLYDE T. MORRIS, members and
chairman, respectively, of the Committee on Concrete and Reinforced
Concrete Arches of the American Society of Civil Engineers. The ex-
perimental work was done by RALPH KLUGE, Special Research Assist-
ant in Civil Engineering, assisted by F. P. THOMAS, C. B. SCHMELT-
ZER, B. S. TUCKER, R. EVANS, F. B. METTERHAUSEN, G. E. JEWETT,
and W. M. WEIDEMEYER, all working under the supervision of PROF.
WILSON. The computations involving the experimental data were
made by JOHN N. PIROK, Research Graduate Assistant in Civil Engi-
neering, and NATHAN M. NEWMARK, Graduate Student in Civil Engi-
neering.
The tests were made in the Materials Testing Laboratory of the
University of Illinois. The direct expenses of the tests were paid from
funds provided by the United States Bureau of Public Roads, the
American Society of Civil Engineers, the Engineering Foundation, the
Universal Atlas Cement Company, the Illinois Steel Company, the
American Bridge Company, the Jones and Laughlin Steel Corporation,
the Interstate Sand and Gravel Company, the Lincoln Sand and
Gravel Company, the Neal Sand and Gravel Company, and Fair-
banks, Morse and Company,
II. DESCRIPTION OF SPECIMENS AND APPARATUS
3. Description of Specimens.-Each specimen consisted of a three-
span structure on high piers. The rib and piers have the same geo-
metrical properties as the corresponding members of the structure
used in the tests of a three-span series of arch ribs without deck,
described in Bulletin No. 269. Details of the piers are shown in Fig. 1,
and details of the rib and deck in Figs. 2 and 3. Figure 2 shows a
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FIG. 1. DETAILS OF PIER
Sect/on of Deck
ILS OF SPAN WITH HIGH DECKFIG. 2. DETA
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FIG. 3. DETAILS OF SPAN WITH Low DECK
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FIG. 4. NOTATION USED FOR THREE-SPAN STRUCTURE WITH DECK
structure with a high deck and Fig. 3 one with a low deck. Each
structure, as originally built, had no expansion joints except at the
piers. After all tests had been made on a structure, except the test
to determine the load-carrying capacity, intermediate expansion joints
were cut in the deck, as shown. The resulting structure was then
also tested. This use of one structure for the two tests was entirely
7
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TABLE 1.
PHYSICAL PROPERTIES OF CONCRETE AS GIVEN BY CONTROL CYLINDERS.
Structure with High Deck. Age at test, 5 months.
Ultimate Modulus of
Location of Batch from Which Strength Elasticity
Cylinder Was Taken lb. per sq. in. lb. per sq. in.
East arch 1 ...................................... 3166 2 632 000
2 ...................................... 3641 3 636 000
3 ...................................... 3631 3 509 000
Average ................................ 3479 3 259 000
Center arch 1 ...................................... 3585 3 571 000
2 ...................................... 3530 2 941 000
3...................................... 3583 3 125 000
4 ...................................... 3380 3 101 000
Average ................................ 3520 3 185 000
W est arch 1 ...................................... 3511 2 581 000
2 ...................................... 3643 2 963 000
3 ...................................... 3603 3 226 000
4 ...................................... 3496 3 448 000
Average ................................ 3564 3 055 000
Average for all arches ................................ 3524 3 158 000
E ast pier 1 ...................................... 3353 3 175 000
2 ...................................... 3468 3 448 000
3 ...................................... 3326 3 077 000
4 ...................................... 3162 2 740 000
Average ................................ 3327 3 110 000
W est pier 1...................................... 3304 3 636 000
2 ...................................... 3250 3 636 000
3 ...................................... 2845 2 564 000
4 ...................................... 3351 2 740 000
Average ................................ 3188 3 144 000
Average for two piers ......................... . . . . . 3257 3 127 000
Average for all cylinders ....................... . . ....... 3412 3 145 000
feasible, as the tests of the original structure did not crack the
concrete.
Figure 4 shows the notation used in connection with these speci-
mens.
The proportions of the concrete used in the structure with a high
deck and in the arch spans of the structure with a low deck were as
nearly like those used in previous structures of this series* as it is
practicable to obtain by the use of laboratory control methods. The
quality of the concrete, however, varied greatly in various parts of the
specimen, due to the necessity of rodding the concrete more in some
portions than in others. The concrete in the piers of the structure with
a low deck contained more water than the concrete used in other
portions of that structure.
Six-in. by 12-in. control cylinders were poured from the batches.
that went into the arches and piers of both structures. The physical.
*See Bulletin 269, page 11.
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TABLE 2.
PHYSICAL PROPERTIES OF CONCRETE AS GIVEN BY CONTROL CYLINDERS.
Structure with Low Deck. Age at test, 66 days.
Ultimate Modulus ofLocation of Batch from Which Strength Elasticity
Cylinder Was Taken lb. per sq. in. lb. per sq. in.
East arch 1 ...................................... 3501 4 020 000
6...................................... .. 4303 4 090 000
8 ...................................... 4884 4 600 000
9...................................... 4160 3 870 000
Average ................................ 4212 4 145 000
Center arch 4...................................... 4485 4 280 000
5 ...................................... 4283 4 880 000
11..................................... 4435 4 400 000
2 ...................................... 4664 3 960 000
Average................................ 4467 4 380 000
W est arch 2 ...................................... 4576 4 760 000
3 ...................................... 3336 3 800 000
7 ...................................... 4406 4 050 000
10..................................... 4342 4 200 000
Average ................................ 4165 4 203 000
Average for all arches ................................ 4281 4 243 000
East pier 1............................. ......... 2728 3 600 000
2...................................... 2434 3 470 000
3...................................... 3169 3 640 000
4 ...................................... 3238 3 620 000
Average................................ 2892 3 583 000
W est pier 1...................................... 2557 3 370 000
2...................................... 2537 3 040 000
3...................................... 3420 3 580 000
4...................................... 2882 3 680 000
Average................................ 2849 3 418 000
Average for two piers...... .. ..................... 2871 3 501 000
Average for all cylinders .............................. 3717 3 946 000
properties of the concrete, as determined from the control cylinders,
are given in Tables 1 and 2. Table 1 is for the structure with a high
deck and Table 2 for the one with a low deck.
The structure with a high deck was poured October 5 and 6, 1932,
the piers being poured on the 5th and the superstructure on the 6th.
The superstructure was stripped during the period from October
17 to 21. The west pier was stripped October 22, and the east pier
October 24. The structure with a low deck was poured March 28 and
29, 1933. The arch spans were stripped April 7 and 8, and the piers
during the period from April 10 to 12. The control cylinders were
stripped at the same time as the specimens. The forms for both struc-
tures had retained the moisture and the surfaces of the concrete were
moist when the forms were removed. The specimens and the control
cylinders were cured in the laboratory, where the air was dry, and the
temperature was approximately 80 deg. F.
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FIG. 5. SPRING FOR PRODUCING COMPRESSION IN
END COLUMNS OF EACH SPAN
4. Description of Apparatus.-The apparatus used in the tests of
the structures with a deck was the same as that used in the tests of
the three-span arch series consisting of a rib without deck, described
in Bulletin No. 269. The design dead load was the same as that used in
the previous tests, with the following exception: The structure used in
this investigation had two spandrel columns over each pier which
were very close to each other. Any load coming upon these columns
produced little stress in the rib but increased the resistance to flexure
of the columns. Inasmuch as the corresponding columns in an actual
structure carry considerable dead load, it seemed desirable to subject
the columns of the experimental structure to an axial compression.
For this reason the end columns of each span were subjected to an
axial compression of 7000 lb. produced by means of springs mounted
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TABLE 3.
FIXED-END REACTIONS DUE TO UNIT LOAD OF 2000 LB. FROM
MEASURED REACTIONS.
Structure with High Deck without Intermediate Expansion Joints.
Vertical Shear Moment
2000-lb. Horizontal lb. in. lb.
Load at Thrust
lb.
East West East West
East Span
1 341 1908 92 -34 675 + 7 511
2 923 1709 291 -28 654 +21 045
3 1557 1455 545 - 6 393 +33 014
4 1794 1162 838 +14 904 +31 382
5 1764 850 1150 +27 692 +15 083
6 1501 547 1453 +31 716 - 7 063
7 926 277 1723 +22 727 -31 528
8 308 86 1914 + 8 247 -35 884
West Span
1 309 1916 84 -36 690 + 8 090
2 932 1741 259 -35 089 +25 002
3 1521 1471 529 -10 705 +33 913
4 1825 1153 847 +14 707 +28 293
5 1794 833 1167 +29 921 +11 835
6 1533 528 1472 +36 899 - 8 003
7 919 257 1743 +27 733 -32 986
8 355 73 1927 +14 937 -33 407
Average for Two Spans and Two Ends
1 328 1917 83 -35 165 + 9 697
2 925 1729 271 -32 065 +24 127
3 1528 1463 537 - 8 041 +33 886
4 1794 1158 842 +14 133 +28 822
5 1794 842 1158 +28 822 +14 133
6 1528 537 1463 +33 886 - 8 041
7 925 271 1729 +24 127 -32 065
8 328 83 1917 + 9 697 -35 165
as shown in Fig. 5. Springs were used instead of weights, since the
latter would interfere with the apparatus and with other loads.
5. Units and Signs.-Unless otherwise noted, the units and signs
used in the tables of this bulletin are as follows:
Forces are in lb.
Moments are in in.-lb.
Distances are in 0.0001 in.
Angles are in 0.0001 radians
Modulus of elasticity is in lb. per sq. in.
A plus (+-) sign indicates (a) a moment that produces a tensile
stress at the intrados; (b) a vertical reaction that is upward; (c) a
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TABLE 4.
FIXED-END REACTIONS DUE TO UNIT LOAD OF 2000 LB. FROM
MEASURED REACTIONS.
Structure with High Deck with Intermediate Expansion Joints.
Vertical Shear Moment
2000-lb. Horizontal lb. in. lb.
Load at Thrust
lb.
East West East West
East Span
1 363 1948 52 -38 539 +16 730
2 998 1816 184 -45 569 +38 924
3 1607 1566 434 -21 579 +53 899
4 1816 1196 804 + 9 742 +37 318
5 1769 803 1197 +35 141 + 7 361
6 1508 435 1565 +48 709 -26 325
7 936 173 1827 +37 564 -50 374
8 334 51 1949 +14 138 -41 335
West Span
1 326 1953 47 -42 529 +14 241
2 924 1830 170 -50 511 +38 400
3 1524 1575 425 -26 636 +51 643
4 1869 1195 805 +15 687 +42 827
5 1858 799 1201 +42 552 +13 368
6 1577 415 1585 +58 831 -22 788
7 954 172 1828 +40 465 -47 898
8 316 44 1956 +14 503 -43 339
Average for Two Spans and Two Ends
1 335 1952 48 -41 436 +14 903
2 953 1825 175 -48 588 +38 838
3 1554 1573 427 -24 332 +53 270
4 1828 1197 803 +11 542 +39 460
5 1828 803 1197 +39 460 +11 542
6 1554 427 1573 +53 270 I -24 332
7 953 175 1825 +38 838 -48 588
8 335 48 1952 +14 903 -41 436
horizontal thrust that is inward; (d) a rotation at the springing iu
which the top tips inward; or (e) an increase in the length of the span.
III. EXPERIMENTAL DETERMINATION OF ELASTIC CONSTANTS
6. Fixed-End Reactions Due to Unit Loads.-The influence ordi-
nates for the fixed-end reactions of the east and west spans were
determined from the changes in the readings of the horizontal and
vertical scales at the abutments that accompanied the application and
removal of a load of one ton, successively, at the various load points.
The dead load was on the structure during this test. At the beginning
of a test, the two ends of both the east and the west spans were
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TABLE 5.
FIXED-END REACTIONS DUE TO UNIT LOAD OF 2000 LB. FROM
MEASURED REACTIONS.
Structure with Low Deck without Intermediate Expansion Joints.
Vertical Shear Moment
2000-lb. Horizontal lb. in. lb.
Load at Thrustlb.
East West East West
East Span
1 344 1911 89 -34 301 + 9 033
2 958 1718 282 -27 435 +25 352
3 1517 1463 537 - 6 465 +35 679
4 1753 1163 837 +14 340 +31 257
5 1761 852 1148 +28 147 +16 272
6 1444 550 1450 +31 890 - 5 860
7 898 280 1720 +22 643 -30 612
8 315 82 1918 + 9 448 -35 977
West Span
1 324 1909 91 -33 584 + 8 923
2 930 1716 284 -29 201 +22 755
3 1461 1449 551 - 8 025 +29 396
4 1758 1137 863 +16 294 +24 596
5 1763 845 1155 +27 506 +13 150
6 1502 540 1460 +33 699 - 7 487
7 965 286 1714 +22 896 -28 611
8 347 85 1915 +10 617 -34 035
Average for Two Spans and Two Ends
1 333 1913 87 -34 474 + 9 505
2 938 1717 283 -28 965 +23 412
3 1481 1456 544 - 6 959 +32 666
4 1759 1151 849 +15 014 +27 877
5 1759 849 1151 +27 877 +15 014
6 1481 544 1456 +32 666 - 6 959
7 938 283 1717 +23 412 -28 965
8 333. 87 1913 + 9 505 -34 474
brought to their normal position, and the readings of the instruments
indicating the position of the springings and the loads upon the scales
were recorded, observations being made in duplicate. A load of 2000
pounds was then applied at each of load points El and W8, the
springings of the two end spans were returned to their normal position,
and the readings of all instruments were again recorded. The 2000-lb.
loads were then removed and a third set of readings was recorded
after the springings had again been returned to their normal position.
Thus the changes in reactions were measured both when the load was
applied and when it was removed. The average of the two values was
taken as the fixed-end reaction. Tests were made in this manner,
applying and removing the 2000-lb. load for each load point of each
of the two end spans.
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TABLE 6.
FIXED-END REACTIONS DUE TO UNIT LOAD OF 2000 LB. FROM
MEASURED REACTIONS.
Structure with Low Deck with Intermediate Expansion Joints.
Vertical Shear Moment
2000-lb. Horizontal lb. in. lb.
Load at Thrust
lb.
East West East West
East Span
1 351 1957 43 -40 480 +17 764
2 1020 1825 175 -44 615 +42 849
3 1587 1565 435 -21 407 +53 794
4 1736 1192 808 + 8 501 +34 816
5 1726 818 1182 +32 984 +10 090
6 1509 449 1551 +47 076 -23 408
7 959 180 1820 +38 181 -47 483
8 332 54 1946 +13 803 -40 696
West Span
1 329 49 1951 -43 064 +13 055
2 941 190 1810 -46 013 +36 408
3 1467 456 1544 -23 624 +44 586
4 1691 817 1183 + 8 375 +31 585
5 1726 1187 813 +34 475 + 9 768
6 1539 1551 449 +49 887 -20 792
7 998 1809 191 +39 197 -43 100
8 366 1943 57 +15 876 -37 850
Average for Two Spans and Two Ends
The results of the tests are given in Tables 3, 4, 5, and 6. Tables
3 and 4 are for the structure with a high deck and Tables 5 and 6
for the one with a low deck. For each structure one table contains the
values for a deck without intermediate expansion joints and the other
the values for a deck with intermediate expansion joints. Influence
lines corresponding to the values in these tables are given in Figs.
6 (a) and 6 (b) for the structure with a high deck, the former being
for a deck with expansion joints at the piers only, and the latter for a
deck with intermediate expansion joints near the one-third points.
The corresponding influence lines for the reactions at the ends of the
spans with a low deck are given in Figs. 6 (c) and 6 (d). In these
figures the influence lines for the two spans are shown separately, and
the ordinates represent reactions due to a load of one pound.
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FIG. 6. INFLUENCE LINES BY UNIT LOADS FROM MEASURED REACTIONS
FIXED-END REACTIONS FOR SINGLE SPAN
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TABLE 7.
INFLUENCE ORDINATES FOR FIXED-END REACTIONS FROM MEASURED
REACTIONS DUE TO UNIT LOADS.
East Abutment Reactions
One lb. at Without Expansion Joints With Expansion Joints
Load
Point
Horizontal Vertical Horizontal Vertical
Thrust Shear Moment Thrust Shear Moment
lb. lb. in. lb. lb. lb. in. lb.
Structure with High Deck
1 0.16412 0.9540 -17.020 0.1675 0.9740 -20.469
2 0.46250 0.8622 -15.410 0.4765 0.9085 -23.366
3 0.76400 0.7284 - 3.599 0.7770 0.7783 -11.092
4 0.89688 0.5781 + 6.685 0.9140 0.5979 + 5.778
5 0.89388 0.4219 +13.996 0.9140 0.4021 +19.492
6 0.76400 0.2716 +16.407 0.7770 0.2217 +25.088
7 0.46250 0.1378 +11.932 0.4765 0.0915 +18.991
8 0.16412 0.0460 + 4.084 0.1675 0.0260 + 7.095
Structure with Low Deck
1 0.1665 0.95676 -17.2370 0.1725 0.97477 -20.2615
2 0.4690 0.85861 -14.4825 0.4900 0.90812 -22.6515
3 0.7405 0.72782 - 3.4795 0.7630 0.77646 -11.1540
4 0.8795 0.57541 + 7.5070 0.8600 0.59303 + 4.5920
5 0.8795 0.42459 +13.9385 0.8600 0.40697 +16.7325
6 0.7405 0.27218 +16.3330 0.7630 0.22354 +24.4180
7 0.4690 0.14139 +11.7060 0.4900 0.09188 +19.5795
8 0.1665 0.04324 + 4.7525 0.1725 0.02523 + 7.5625
The data in Tables 3, 4, 5, and 6 are the basis for the influence
ordinates used in Section 12 to determine the reactions at the spring-
ings from the movement of the pier tops. These ordinates are listed
in Table 7. The quantities in Table 7 for the structure with a high
deck were obtained from the average values for the abutment ends, the
east end of the east span and the west end of the west span, modified
slightly so that the values for vertical shear and moment would be
statically consistent. The averages for the abutment ends of the two
spans were used instead of the averages for both ends of both spans
since it was thought that, for the moments, the value at the abutment
end could be obtained more accurately than the value at the pier end.
The differences in the two sets of averages were not great, however,
and the values in Table 7 for the structure with a low deck are based
upon the average of the values for both ends of both spans.
The influence lines for fixed-end reactions for the rib without deck,
for the high deck without intermediate expansion joints, and for the
high deck with intermediate expansion joints are compared in Fig. 7.
ILLINOIS ENGINEERING EXPERIMENT STATION
FIG. 7. INFLUENCE LINES FOR FIXED-END REACTIONS FOR VARIOUS TYPES
OF STRUCTURES WITH HIGH AND Low DECKS
Likewise the influence lines for fixed-end reactions for the rib without
deck, for the low deck without intermediate expansion joints, and for
the low deck with intermediate expansion joints are also compared in
Fig. 7. The light full lines are for the rib without deck and corre-
spond to values obtained by the elastic theory and given in Table 3
of Bulletin No. 269. The heavy full lines are for the deck without in-
termediate expansion joints, and the broken lines are for the deck with
intermediate expansion joints.
The effect of the deck without intermediate expansion joints is to
reduce the moment at the springing due to vertical loads. The deck
with intermediate expansion joints does not reduce the moment at
the springing as much as does the deck without intermediate expan-
sion joints. The effect of the high deck is much the same as the effect
of the low deck.
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7. Reactions at Springings Due to Change in Span.-In this, and all
of the following tests to determine the reactions at the springings due
to a movement of the ends of the span, the design dead load shown
in Fig. 8 was on the structure. Preliminary to the tests to determine
the reactions due to a change in span, the abutments were spread
about 0.15 in., increasing each span about 0.05 in. All terminals were
then adjusted so that the bubbles at the abutments and pier tops, the
springings of the various spans, were in their mid-position. A complete
set of readings was then recorded. These included readings of the
Ames dials at the abutments and pier tops that indicate the span;
of the hydrostatic level that indicates the relative elevation of the
abutments and pier tops; and of the horizontal and vertical scales at
the abutments. The abutments were then forced in about 0.30 in.,
shortening each span about 0.10 in., and the terminals were adjusted
so that both springings of all three spans had the same angular and
the same relative vertical position as for the initial readings. A com-
plete set of readings was again recorded. The abutments were then
allowed to spread approximately 0.30 in., and a third set of readings
was recorded. Thus a complete test included the determination of the
change in the reactions at the springings due to increasing and also to
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decreasing the spans. The averages of the two sets of values have
been used as the elastic constants due to a change in the span.
A summary of the results is given in Table 8 for the structure
with a high deck, and in Table 9 for the structure with a low deck.
The values for the structure with and without intermediate expansion
joints are given in separate tables, the values given being the average
of the values at the two ends of a span. The moments and the hori-
zontal thrust for the end spans were determined from the reactions of
the abutments, and, it is believed, have been determined with a high
degree of accuracy, since conditions are favorable for measuring these
reactions.
The reactions at the springings of the center spans were determined
from the reactions of the abutments and the vertical reactions on the
pier bases, in the following manner. The moments on the pier bases
can be determined with a high degree of accuracy from the vertical
scale readings. The moment on the base of the east pier is balanced
by the resultant of the horizontal thrusts from the east and center
spans, which passes through the elastic centers of these spans. The
line of the horizontal thrust for the structure having a high deck
without intermediate expansion joints, as given in Table 8, is about
46 in. above the springing, or about 366 in. above the rollers under
the pier bases. An error of a few inches in locating the position of the
thrust line does not, therefore, appreciably affect the force necessary to
produce the moment on the pier base. The unbalanced thrust at the top
64 268
of the pier, accompanying the reduction in span, is 366 176 lb.,
90 084
and 366 = 246 lb., for the east and west piers, respectively. The
unbalanced thrust acts toward the center of the structure in both
cases. Subtracting the unbalanced thrust from the thrust in the end
spans, as given in Table 8, gives, for the horizontal thrust in the center
span, 2652 - 176 = 2476 lb. as determined from the east span, and
2684 - 246 = 2438 lb. as determined from the west span. An average
value of 2457 lb. has been used. The corresponding figures for the
73 440
changes accompanying an increase in span are 366 201 lb. and
96 379963--= 263 lb. for the unbalanced thrust, and 2649 - 201 = 2448 lb.366
and 2663 - 263 = 2400 lb. for the thrust in the center span, as de-
termined from the east and west spans, respectively. An average value
of 2424 lb. has been used. The moments at the ends of the center span
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have been determined from the horizontal thrust on the basis that the
vertical distance from the springing to the thrust line for the center
span is the average of the corresponding distances for the two end
spans. The elastic constants for the center span, determined in the
manner just described, are the values given in Table 8.
For the structure having a high deck with intermediate expansion
joints, the horizontal thrust in the center span due to decreasing the
span is 1876 lb. as determined from the east span, and 1843 lb. as
determined from the west span. An average value of 1860 lb. has
been used. The corresponding values due to an increase in the spans
are 1893 lb., 1861 lb., and 1877 lb. respectively.
For the structure with a low deck, the horizontal thrust in the
center span, given in Table 9, was determined by the same method
as was used for the structure with a high deck.
8. Reactions at Springings Due to Rotation of Abutments and Pier
Tops.-Two series of tests were made to determine the reactions at
the ends of a span due to rotating one end when the other end was
fixed and the end rotated was restrained against horizontal and verti-
cal translation. For one series the abutments were rotated and the
pier tops were fixed; for the other series the pier tops were rotated
and the abutments were fixed. For both series, the top to be moved
was first rotated approximately one-half of the total amount by
which it was to be rotated during the tests, so that the latter ro-
tation would be from a position one side of normal to another position
approximately the same amount on the other side of normal.
The tests consisted of determining the reactions at the springings
from the readings of the scales at the abutments, first when the
springing was rotated in one direction, and then when it was rotated
in the opposite direction. The average of the two values is reported in
each instance. The length of the span and the relative elevation of the
two ends of each span were returned to their original values after
each rotation. The tests were made for the end spans only.
Tables were compiled similar to Tables 8 and 9, but they have
not been included in this bulletin. The results are included, however,
in a more condensed form in the tables of Section 10.
9. Reactions at Springings Due to Settlement of Supports.-Tests
were made to determine the elastic constants from the vertical move-
ment of one end of a span relative to the other. The length of the
span and the angular position of the abutments and pier tops were
held constant as the abutments were moved vertically. The test con-
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TABLE 11.
ELASTIC CONSTANTS FROM MOVEMENT OF SPRINGINGS.
Structure with Low Deck. Summary of Results.
Reactions
Span Movement Horizontal Vertical Moment in in. lb. at Average
Thrust Shear Moment
lb. lb. East End West End in. lb.
Without Intermediate Expansion Joints
East Spread of 0.10 in. ........... 3013 ... 153 170 161 762 157 466
Rotation east end 0.001 rad... 1558 316 160 635 58 383 ......
Rotation west end 0.001 rad.. 1661 375 51 509 172 974 .......
Center Spread of 0.10 in............. 3091 ... ....... ..... . 158 908
West Spread of 0.10 in. ........... 3035 ... 153 193 153 677 153 435
Rotation east end 0.001 rad.. . 1651 375 171 752 50 467 .......
Rotation west end 0.001 rad.. . 1496 315 46 618 148 648 .......
With Intermediate Expansion Joints
East Spread of 0.10 in ............
Rotation east end 0.001 rad...-
Rotation west end 0.001 rad.. .
Center Spread of 0.10 in ............
West Spread of 0.10 in ............
Rotation east end 0.001 rad.. .
Rotation west end 0.001 rad.. .
2660
1496
1837
2698
2623
1671
1559
171
272
248
197
157 657 165 795 161 726
126 727 71 181 ... . .
80 093 168 151 .......
....... ....... 159 398
150 247 150 720 150 484
153 101 72 847 .......
71 527 135 477 .......
sisted of determining the reactions at both springings of the end spans
from the changes in the readings of the scales at the abutments when
the abutments were first raised and then lowered, the movement being
about 0.19 in. in each instance. This test was made for the structure
having a high deck without intermediate expansion joints, but, be-
cause the increments in the forces were so small relative to the forces
themselves, the tests proved unsatisfactory. Moreover, the reactions
due to the settlement of the supports are not used in the tests of
Section 12 for determining the reactions from the movement of the
pier tops. For these reasons the test was not made for any except
the structure with a high deck. The results obtained in this test are
included in Table 10.
10. Average Values of Elastic Constants.-The elastic constants
were determined for all spans from the spread of the supports, but
only for the two end spans from the rotation of the supports. A sum-
mary of the results obtained in Sections 7 to 9 is given in Table 10
for the structure with a high deck, and in Table 11 for the structure
with a low deck.
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TABLE 12.
ELASTIC CONSTANTS USED IN DETERMINING REACTIONS AT
SPRINGINGS FROM MOVEMENT OF PIER TOPs.
Reactions
Span Movement Hori- Verti- Moment in in. lb. at
zontal cal
Thrust Shear
lb. lb. East End West End
Structure with High Deck without Intermediate Expansion Joints
East Spread of 0.10 in......................... 2450 ... -109 000 -109 000
Rotation of west end 0.001 rad., top tipping in.. 1040 250 + 33 000 +114 900
Center Spread of 0.10 in ......................... 2600 . .. -118 600 -118 600
Rotation of east end 0.001 rad., top tipping in.. 1190 270 +126 600 + 38 500
Rotation of west end 0.001 rad., top tipping in.. 1190 270 + 38 500 +126 600
West Spread of 0.10 in. ......................... 2740 ... -128 200 -128 200
Rotation of east end 0.001 rad., top tipping in.. 1590 360 +166 300 + 50 500
Structure with High Deck with Intermediate Expansion Joints
East Spread of 0.10 in. ......................... 1655 0 - 92 400 - 92 400
Rotation of west end 0.001 rad., top tipping in.. 950 133 + 44 300 + 87 400
Center Spread of 0.10 in. ......................... 1655 0 - 92 400 - 92 400
Rotation of east end 0.001 rad., top tipping in.. 950 133 + 87 400 + 44 300
Rotation of west end 0.001 rad., top tipping in.. 950 133 + 44 300 + 87 400
West Spread of 0.10 in. ......................... 2035 0 -114 000 -114 000
Rotation of east end 0.001 rad., top tipping in.. 1585 231 +148 900 + 74 000
Structure with Low Deck without Intermediate Expansion Joints
East Spread of 0.10 in. ......................... 3046 0 -156 600 -156 600
Rotation of west end 0.001 rad., top tipping in.. 1592 345 + 51 720 +163 500
Center Spread of 0.10 in. ......................... 3046 0 -156 600 -156 600
Rotation of east end 0.001 rad., top tipping in.. 1592 345 +163 500 + 51 720
Rotation of west end 0.001 rad., top tipping in.. 1592 345 + 51 720 +163 500
West Spread of 0.10 in. ......................... 3046 0 -156 600 -156 600
Rotation of east end 0.001 rad., top tipping in.. 1592 345 +163 500 + 51 720
Structure with Low Deck with Intermediate Expansion Joints
East Spread of 0.10 in. ......................... 2660 0 -157 200 -157 200
Rotation of west end 0.001 rad., top tipping in. 1641 222 +145 860 + 73 920
Center Spread of 0.10 in. ......................... 2660 0 -157 200 -157 200
Rotation of east end 0.001 rad., top tipping in.. 1641 222 +145 860 + 73 920
Rotation of west end 0.001 rad., top tipping in.. 1641 222 + 73 920 +145 860
West Spread of 0.10 in. ......................... 2660 0 -157 200 -157 200
Rotation of east end 0.001 rad., top tipping in.. 1641 222 +145 860 + 73 920
The elastic constants were determined from the movement of the
springings of the arch with a view to using the results to determine
the reactions of the springings from the movement of the pier tops that
accompanied the application and the removal of a unit load of 2000
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lb. at the various load points, in the manner described in Section 12.
The values that have been used for this purpose are given in Table 12.
The values in these tables, although based upon Tables 10 and
11, are not mathematical averages of the corresponding values in
these latter tables. Instead, the elastic constants obtained from the
spread have been considered in selecting the elastic constant corre-
sponding to the rotation. Moreover, all elastic constants were adjusted
so that they are mutually statically consistent. The manner in which
these constants have been used to determine the reactions at the
springings from the movement of the pier tops that accompanied the
application and removal of a unit load of 2000 lb. at the various load
points is described in Section 12. The values of the reactions due to
rotation of the ends of the center span, listed in Table 12, cannot be
considered as having been determined with a high degree of accuracy.
Fortunately for the critical tests of Section 12, for which reliance is
placed upon the influence ordinates for reactions at the springings de-
termined from the movement of the pier tops, the rotation of the pier
tops accompanying the application of a unit load is small, and the
portion of the reaction produced by this motion is a small part of the
total, so that a large error in the elastic constants for rotation will
produce but a small error in the reactions at the springings.
IV. INFLUENCE ORDINATES
11. Description of Tests.-The influence ordinates for the reac-
tions at the springings of all three spans were determined experi-
mentally by measuring the changes that occurred when a unit load
was applied and removed, successively, at the various load points.
The unit load was 2000 lb. and the tests were made with the design
dead load on the structure. The reactions were determined in two
ways, (1) by weighing the reactions before and after the application
and removal of the unit load, and computing the moment and the
horizontal thrust and vertical shear from the change in the scale
readings; and (2) by measuring the displacement of the tops of the
piers due to the application and removal of the unit load, and comput-
ing the moment and horizontal thrust and vertical shear corresponding
to these displacements, using the experimentally determined elastic
constants given in Table 12, and the fixed-end reactions given in
Table 7. The method of making a test is as follows:
With no live load on the structure, the abutments and pier bases
were brought to their normal position. The initial position of each
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TABLE 13.
COMPUTATIONS FOR INFLUENCE ORDINATES FOR MOMENT BY UNIT
LOADS FROM MOVEMENT OF PIER TOPS.
Center Span. Structure with High Deck without Intermediate Expansion Joints. 20-ft. Piers.
Change
in
Load
On at
Cl
Off at
Cl
Due to
Spread ...............
Rotation at B.........
Rotation at C .........
Fixed-End Loading....
Resultant.............
Spread...............
Rotation at B.........
Rotation at C.........
Fixed-End Loading ....
Resultant .
Average load on and off .........
On at Spread.... .......
C2 Rotation at B.........
Rotation at C.........
Fixed-End Loading ....
Resultant.............
Off at Spread...............
C2 Rotation at B ........
Rotation at C.........
Fixed-End Loading....
Resultant.............
Average load on and off .........
Moment in in. lb. at
A of AB
+ 327
-1441
0
0
-1114
+ 218
+1406
0
0
+1624
-1369
+4033
-1371
0
0
+2662
-2943
+1160
0
0
-1783
+2223
B of AB
+ 327
-5018
0
0
-4691
+ 218
+4895
0
0
+5113
-4902
+4033
-4773
0
0
- 740
-2943
+4039
0
0
+1096
- 918
B of BC
- 4 151
+ 5 529
- 439
-34 040
-33 101
+ 4 032
- 5 393
+ 439
+34 040
-33 118
-33 110
-14 706
+52 590
- 922
-30 820
-41 189
+12 216
- 4 450
+ 1 009
+30 820
+39 595
-40 392
C of BC
- 4 151
+ 1 681
- 1 443
+ 8 168
+ 4 255
+ 4 032
- 1 640
+ 1 443
- 8 168
- 4 333
+ 4 294
-14 706
+ 1 559
- 3 031
+23 864
+ 7 726
+12 216
- 1 353
+ 3 319
-23 864
- 9 682
+ 8 704
C of CD
+ 4 102
0
+ 1 896
0
+ 5 998
- 4 615
0
- 1 896
0
- 6 511
+ 6 255
+11 153
0
+ 3 981
0
+15 134
- 9 743
0
- 4 360
0
-14 103
+14 618
D of CD
+ 4 102
0
+ 576
0
+ 4 678
- 4 615
0
- 576
0
- 5 191
+ 4 935
+11 153
0
+ 1 209
0
+12 362
- 9 743
0
- 1 324
0
-11 067
+11 715
Values are for unit load of 2000 lb.
of the terminals was indicated by the level bubbles, by the Ames dials
attached to the abutments and pier bases, and by the hydrostatic
gages attached to the abutments and pier tops. The readings of these
instruments were recorded to enable the terminals to be returned to
their initial position after each load change. The movement of the
pier tops was determined by the Ames dials, which indicated changes
in span, and by calibrated level bubbles, which indicated rotations.
The scales measured the reactions at the abutments and pier bases.
In making a test readings were taken (1) with only the design dead
load upon the arch, (2) after the unit live load had been added, and
(3) after the unit live load had been removed. A complete test for
each load point therefore included the determination of the changes
in the reactions due to applying and also to removing the unit load.
All terminals were returned to their original position, as nearly
as practicable, after each change in load, nevertheless the in-
struments, except the bubbles, were read after each adjustment, so
that if there was any deviation from the normal position of a terminal
it would be indicated by the records. The angular position of the
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TABLE 14.
COMPUTATIONS FOR INFLUENCE ORDINATES FOR HORIZONTAL THRUST AND VERTICAL
SHEAR BY UNIT LOADS FROM MOVEMENT OF PIER TOPS.
Center Span. Structure with High Deck without Intermediate Expansion Joints. 20-ft. Piers.
Change
in
Load
On at
Cl
Off at
Cl
Due to
Spread...........
Rotation at B.....
Rotation at C.....
Fixed-End Loading
Resultant....... . .
Spread...........
Rotation at B.... .
Rotation at C.... .
Fixed-End Loading
Resultant.........
Average load on and off.......
On at Spread...........
C2 Rotation at B.....
Rotation at C.....
Fixed-End Loading
Resultant....... . .
Off at Spread...........
C2 Rotation at B.....
Rotation at C.... .
Fixed-End Loading
Resultant.........
Average load on and off ......
Horizontal Thrust in lb.
East
Span
+ 7
-45
0
0
-38
+ 5
+44
0
0
+49
-44
+91
-43
0
0
+48
-66
+37
0
0
-29
+39
Center
Span
- 91
+ 52
- 14
+328
+275
+ 88
- 51
+ 14
-328
-277
+276
-322
+ 49
- 28
+925
+624
+268
- 42
+ 31
-925
-668
+646
West
Span
+ 88
0
+ 18
0
+106
- 99
0
-18
0
-117
+112
+238
0
+ 38
0
+276
-208
0
- 42
0
-256
+263
Vertical Shear in lb. at
A of
AB
0
-11
0
0
-11
0
+11
0
0
+11
-11
0
-10
0
0
-10
0
+ 9
0
0
+ 9
-10
B of
AB
0
+11
0
0
+11
0
-11
0
0
-11
+11
0
+10
0
0
+10
0
- 9
0
0
- 9
+10
B of
BC
0
- 12
- 3
+1908
+1893
0
+ 12
+ 3
-1908
-1893
+1893
0
- 11
- 6
+1724
+1707
0
+ 9
+ 7
-1724
-1708
+1708
C of
BC
0
+ 12
+ 3
+ 92
+107
0
- 12
- 3
- 92
-107
+107
0
+ 11
+ 6
+276
+293
0
- 9
- 7
-276
-292
+292
C of
CD
0
0
-4
0
-4
0
0
+4
0
+4
-4
0
0
-9
0
-9
0
0
+9
0
+9
-9
D of
CD
0
0
+4
0
+4
0
0
-4
0
-4
+4
0
0
+9
0
+9
0
0
-9
0
-9
+9
Values are for unit load of 2000 lb.
terminal was adjusted with extreme care and no record was made of
the position of the bubble other than to note that it had been in-
spected and found to be central. The spread and settlement, although
recorded, were so small that no corrections were made for them.
12. Influence Ordinates from Movement of Pier Tops.-The influ-
ence ordinates for moment and for the horizontal and vertical com-
ponents of the thrust at both springings of all spans were determined
from the movement of the pier tops that accompanied the application
and removal of a load of 2000 lb. at each of the various load points.
Of the structures with a high deck, the one without intermediate ex-
pansion joints was tested at pier heights of 20 ft., 15 ft., and 10 ft.;
but the one with intermediate expansion joints was tested at pier
heights of 20 ft. and 10 ft. only. Both structures with a low deck
were tested at a pier height of 20 ft. only.
The method of determining the reactions at the springings from
the movement of the pier tops is illustrated in Tables 13 and 14. The
computations in these tables are for the center span. Each component
I
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TABLE 15.
INFLUENCE ORDINATES FOR MOMENT BY UNIT LOADS FROM
MOVEMENT OF PIER TOPS.
Structure with High Deck without Intermediate Expansion Joints. 20-ft. Piers.
Load of
1 lb. at
El
E2
E3
E4
E5
E6
E7
E8
Cl
C2
C3
C4
C5
C6
C7
C8
W1
W2
W3
W4
W5
W6
W7
W8
Moment in in. lb. at
A of AB
-18.867
-20.661
-11.784
- 3.061
+ 4.916
+10.256
+ 8.852
+ 3.231
- 0.684
+ 1.111
+ 3.000
+ 5.498
+ 6.807
+ 5.809
+ 3.846
+ 1.589
+ 0.072
+ 1.038
+ 1.803
+ 2.189
+ 1.776
+ 2.298
+ 1.431
+ 0.640
B of AB
+ 1.168
+ 4.064
+ 4.275
+ 0.216
- 5.317
-10.950
-17.749
-15.932
- 2.451
- 0.459
+ 2.804
+ 6.632
+ 8.552
+ 8.120
+ 5.547
+ 2.287
+ 0.116
+ 1.518
+ 2.828
+ 3.498
+ 3.412
+ 3.671
+ 2.477
+ 1.011
B of BC
+ 2.820
+ 6.906
+10.429
+11.877
+10.150
+ 6.430
+ 1.707
- 1.191
-16.555
-20.196
-14.000
- 6.824
- 0.773
+ 3.529
+ 4.008
+ 1.385
+ 0.042
+ 1.589
+ 3.092
+ 4.482
+ 4.317
+ 4.682
+ 2.793
+ 1.026
C of BC
+ 1.495
+ 3.513
+ 5.028
+ 6.257
+ 5.851
+ 4.010
+ 1.977
+ 0.896
+ 2.147
+ 4.352
+ 4.640
+ 0.451
-- 6.649
-12.961
-19.369
-16.910
- 2.171
+ 0.247
+ 4.245
+ 7.748
+ 9.390
+ 9.248
+ 6.280
+ 2.304
C of CD
+ 0.652
+ 2.660
+ 4.712
+ 5.299
+ 4.840
+ 3.319
+ 1.636
- 0.032
+ 3.127
+ 7.309
+ 9.584
+ 8.555
+ 6.368
+ 2.864
- 1.016
- 2.701
-14.004
-16.294
-10.360
- 4.931
+ 0.593
+ 2.629
+ 2.637
+ 0.534
D of CD
+ 0.421
+ 1.901
+ 3.194
+ 3.484
+ 3.322
+ 1.834
+ 0.943
- 0.032
+ 2.467
+ 5.857
+ 8.066
+ 6.905
+ 5.906
+ 4.217
+ 1.789
+ 0.006
+ 4.129
+ 8.606
+ 9.712
+ 4.822
- 2.362
-13.318
-21.602
-19.415
(horizontal thrust, vertical shear, or moment) of a reaction is made
up of four parts: The reaction due to spread, the reaction due to ro-
tation of the top of the east pier, the reaction due to rotation of the
top of the west pier, and the fixed-end reaction due to the unit load.
These comporients are listed separately in the various lines of the
tables. The resultant component is the algebraic sum of the various
parts. The tables show the computations for the change in the re-
actions due to applying and to removing the unit load from each load
point. The average of these two values is given for each component
reaction in the last line of the group for each load point. Tables
similar to Tables 13 and 14 were made for each load point for all
structures tested, but the other tables have been omitted from this
bulletin.
The computations of Tables 13 and 14 have been presented in
detail to enable the reader to see the relative magnitude of the four
parts making up the resultant for each component reaction, and to
enable him to judge of the relative error in the resultant due to an
assumed error in one of the parts.
The influence ordinates for reactions due to a unit lead of one lb.,
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TABLE 16.
INFLUENCE ORDINATES FOR HORIZONTAL THRUST AND VERTICAL SHEAR BY UNIT
LOADS FROM MOVEMENT OF PIER TOPS.
Structure with High Deck without Intermediate Expansion Joints. 20-ft. Piers.
Horizontal Thrust in lb. Vertical Shear in lb. at
Load
of 1 lb.
at
El
E2
E3
E4
E5
E6
E7
E8
C1
C2
C3
C4
C5
C607
C8
W1l
W2
W3
W4
W5
W6
W7
W8
West A of
Span AB
+0.010 +0.951
+0.044 +0.854
+0.075 +0.716
+0.083 +0.566
+0.077 +0.413
+0.046 +0.268
+0.023 +0.140
+0.001 +0.052
+0.056 -0.005
+0.131 -0.005
+0.179 -0.001
+0.155 +0.003
+0.128 +0.005
+0.084 +0.007
+0.026 +0.005
-0.012 +0.002
+0.178 +0.001
+0.402 +0.002
+0.620 +0.003
+0.690 +0.004
+0.684 +0.005
+0.538 +0.004
+0.316 +0.003
+0.108 +0.001
B of
AB
+0.049
+0.146
+0.283
+0.434
+0.587
+0.732
+0.860
+0.948
+0.005
+0.005
+0.001
-0.003
-0.005
-0.007
-0.005
-0.002
-0.001
-0.002
-0.003
-0.004
-0.005
-0.004
-0.003
-0.001
B of
BC
-0.004
-0.010
-0.016
-0.017
-0.013
-0.007
+0.001
+0.006
+0.946
+0.854
+0.724
+0.578
+0.427
+0.282
+0.150
+0.055
-0.007
-0.004
+0.004
+0.010
+0.015
+0.014
+0.011
+0.004
C of
BC
+0.004
+0.010
+0.016
+0.017
+0.013
+0.007
-0.001
-0.006
+0.054
+0.146
+0.276
+0.422
+0.573
+0.718
+0.850
+0.945
+0.007
+0.004
-0.004
-0.010
-0.015
-0.014
-0.011
-0.004
C of
CD
-0.001
-0.002
-0.005
-0.006
-0.004
-0.004
-0.002
0
-0.002
-0.004
-0.004
-0.005
-0.001
+0.004
+0.009
+0.008
+0.945
+0.854
+0.729
+0.585
+0.435
+0.284
+0.147
+0.050
D of
CD
+0.001
+0.002
+0.005
+0.006
+0.004
+0.004
+0.002
0
+0.002
+0.004
+0.004
+0.005
+0.001
-0.004
-0.009
-0.008
+0.055
+0.146
+0.271
+0.415
+0.565
+0.716
+0.853
+0.950
the average of the values for load on and load off, determined in the
manner illustrated in Tables 13 and 14, are given in Tables 15 and 16
for the structure with a high deck, without intermediate expansion
joints. Table 15 gives the influence ordinates for moment, and
Table 16 those for horizontal thrust and vertical shear. Similar tables
were compiled for the other structures but they have not been included
in this bulletin.
The influence lines for the three components of the reaction, hori-
zontal thrust, vertical shear, and moment, are shown in Figs. 9 to 23,
inclusive, for the structures with a high deck; the corresponding lines
for the structures with a low deck are shown in Figs. 24 to 29. In
these figures the heavy full lines represent values for reactions on the
east half of the structure and the heavy broken lines represent values
for the reactions on the west half. The latter have been turned end
for end so as to be directly comparable with the former. The influence
lines for structures without and with intermediate expansion joints in
the deck, and for structures with pier heights of 20 ft., 15 ft., and
10 ft., respectively, are all included in these figures.
Center
Span
+0.040
+0.098
+0.147
+0.179
+0.161
+0.113
+0.050
+0.011
+0.138
+0.323
+0.528
+0.618
+0.608
+0.531
+0.330
+0.127
-0.004
+0.037
+0.088
+0.131
+0.139
+0.141
+0.091
+0.032
East
Span
+0.118
+0.335
+0.565
+0.663
+0.682
+0.622
+0.396
+0.152
-0.022
+0.019
+0.067
+0.128
+0.159
+0.139
+0.093
+0.038
+0.002
+0.025
+0.044
+0.054
+0.045
+0.056
+0.036
+0.016
I
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FIG. 11. INFLUENCE LINES BY UNIT LOADS FOR CENTER SPAN PIER-TOP
REACTIONS. STRUCTURE WITH HIGH DECK WITHOUT INTER-
MEDIATE EXPANSION JOINTS. 20-FOOT PIERS
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FIG. 14. INFLUENCE LINES BY UNIT LOADS FOR CENTER SPAN PIER-TOP
REACTIONS. STRUCTURE WITH HIGH DECK WITHOUT INTER-
MEDIATE EXPANSION JOINTS. 15-FOOT PIERS
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FIG. 17. INFLUENCE LINES BY UNIT LOADS FOR CENTER SPAN PIER-TOP
REACTIONS. STRUCTURE WITH HIGH DECK WITHOUT INTER-
MEDIATE EXPANSION JOINTS. 10-FOOT PIERS
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FIG. 20. INFLUENCE LINES BY UNIT LOADS FOR CENTER SPAN PIER-TOP
REACTIONS. STRUCTURE WITH HIGH DECK WITH INTER-
MEDIATE EXPANSION JOINTS. 20-FOOT PIERS
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FIG. 23. INFLUENCE LINES BY UNIT LOADS FOR CENTER SPAN PIER-TOP
REACTIONS. STRUCTURE WITH HIGH DECK WITH INTER-
MEDIATE EXPANSION JOINTS. 10-FOOT PIERS
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Loacl ae Ce 10 00 F•2-fl. Pf'ers
A/s = (27.50•X53/÷ S , (.46'64) = +3!5£
M" = - (3Z4 06X//) = -4/1
Mfc = / lfA + I(/ 47XZ20/) + (3ajX,50?)-(ae!.64 x 636) -54 004
=~y MA5M + /Vic - (240x 636) = -99 049
/Vo = (2?7.6104) + (26.32/ 192) = + /0 6d4
c = A-/c + (324. 05X/2) = + /4574
"cag = Nw + (59 /7X// ZO) + (e 9/XX8/5)- (30/ 58x45/) = - 5524
M/c = A'ca + mAc + (40 X 45/) = + 741
FIG. 30. COMPUTATION FOR DETERMINING MOMENTS
FROM MEASURED REACTIONS
13. Influence Ordinates from Measured Reactions.-The influence
ordinates for moment, and for the horizontal and vertical components
of the thrust at both springings of all spans, were determined from the
measured changes in the loads on the scales that accompanied the
application and removal of a load of 2000 lb. at each of the various
load points. The tests were made simultaneously with the tests for de-
termining the reactions from the movement of the tops of the piers.
The movement of the pier bases and of the west abutment, all rela-
tive to the east abutment, movements that were supposed to be zero,
were recorded, but the movements were small and have been neglected.
The method of computing the moments at the various springings
and at the bases of the piers, due to applying and removing a load
of 2000 lb. at load point C2, is illustrated in Fig. 30. The reactions
are the average of the values, load on and load off, the sense of the
forces being for the changes accompanying the application of the load.
For the structure with a high deck with no intermediate expansion
joints the influence ordinates were determined at pier heights of 20 ft.,
15 ft., and 10 ft., but the horizontal forces at the bases of the piers
were somewhat in error for many of the tests. Because this horizontal
force has a large moment arm about the springings of the center span,
the moments at these sections are seriously in error and have not been
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reported for some tests. For other tests for which the moments are
reported the values given are evidently seriously in error. For the
specimen having intermediate expansion joints the reactions were de-
termined for structures having 20-ft. and 10-ft. piers only.
For the structure with a low deck tests were made at a pier height
of 20 ft. only. These tests all seemed fairly satisfactory and the re-
sults are all reported.
The influence lines determined from the weighed reactions at the
abutments and pier bases are the light lines of Figs. 9 to 29. The
light full lines are the influence lines for the reactions on the east
half of the structure and the light broken lines are the influence lines
for the reactions on the west half of the structure turned end for end
so that they would be directly comparable with the light full lines.
14. Comparison of Deflection Diagrams and Influence Lines.-If
an arch is made of a homogeneous elastic material, a diagram show-
ing the vertical deflection of the rib due to one movement (x, y, or 0)
of a terminal of an arch or an arch series, is also an influence line for
the reaction at the terminal moved, the movement and reaction being
parallel. Tests were made to determine the vertical deflection of all
load points due to giving, successively, each of the four terminals
(the two abutments and the two pier bases) the following movements:
(1) Rotation without horizontal or vertical translation (2) Horizontal
translation without rotation or vertical translation (3) Vertical trans-
lation without rotation or horizontal translation. All of these tests
were made at pier heights of 20 ft., 15 ft., and 10 ft. for the structures
with a high deck, but only at a pier height of 20 ft. for the structures
with a low deck.
The arch carried the design dead load and the movements were
planned to keep the thrust line within the kern at all sections. The
position of the terminals was indicated by the Ames dials, the hydro-
static gages, and the level bubbles. In all tests except those involving
rotation the terminals were adjusted so that the bubbles were in their
mid-position. The horizontal and vertical adjustments were made as
accurately as practicable and the actual positions were recorded.
The relative vertical movement of the piers and abutment was
measured with the hydrostatic gage, and the vertical movement of the
load points on the arch rib was measured relative to the top of
the J-and-L Junior I beams in the manner described on page 77 of
Bulletin No. 269.
For the structure with a high deck with no intermediate expan-
sion joints the vertical movement of the load points was measured as
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TABLE 17.
ELASTIC CONSTANTS USED IN ALGEBRAIC DETERMINATION OF
INFLUENCE ORDINATES.
n =9
Reactions Due to Unit Reactions Due to Unit
Translation at Springing Rotation at Springing
Structure Moment in in. lb. at
Horizontal Moment
Thrust in. lb.
lb. end rotated far end
Rib without deck............... 12 650 833 000 79 566 730 38 722 760
Arch with without expansionigh dc joints ............ 25 967 1 186 000 135 933 000 40 667 000high dec k with expansion joints 17 817 996 000 107 900 000 54 200 000
\rch with without expansionArch with joints ............ 30 460 1 566 000 163 500 000 51 720 000
low deck with expansion joints 26 600 1 572 000 145 860 000 73 920 000
f20-ft................... 121 163 7 753 460 893 682 910 - 967 148 210
Piers 15-ft .................... 202 927 11 137 240 1 034 045 780 - 970 657 960
110-ft .................... 464 522 19 733 820 1 318 178 760 -1 049 880 120
All forces are in pounds. distances in inches, rotations in radians, and moments in inch-pounds.
TABLE 17 (CONTINUED).
Structure
Rib without deck.....................
Arch with fwithout expansion joints....
high deck twith expansion joints.......
Arch with r without expansion joints....
low deck twith expansion joints.......
S20-ft.. .......................
P iers 15-ft ..........................
I 10-ft ..........................
Vertical Dis-
tance from
Springing to
Centroid of
Elastic Weights
in.
65.803
45.673
55.902
51.412
59.098
63.992
54.883
42.482
Eds
0.761580
0.0966840
0.1300666
0.1217766
0.1942554
0.0083014
0.0078051
0.0068772
y~
ds
260.691
127.0844
185.2164
108.3388
124.0602
27.23606
16.26198
7.10408
x ds
4240.780
1818.176
3225.520
1549.565
2407.706
0
0
0
The X and Y axes are respectively horizontal and vertical axes through the centroid of elastic
weights.
a terminal was moved from its normal to an extreme position, and
then again as it was moved back to its normal position. For the
other structures the terminal to be moved was first moved out of
its normal position one-half of the anticipated movement and the test
began from this position. Thus the vertical movement of the load
points was measured as the terminal was moved from an initial po-
sition on one side of the normal to a position an equal distance on the
other side, and then again as the terminal was returned to the initial
position.
The vertical movement of the load points, converted into equiva-
lent influence ordinates, are represented by the heavy broken lines of
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Figs. 31 to 38 inclusive. The influence lines determined from the de-
flections are compared with the corresponding influence lines de-
termined by other methods, as indicated in the various figures.
15. Algebraically-Determined Influence Ordinates from Experi-
mentally-Determined Elastic Constants.-The influence ordinates for
the reactions at the springings of a multiple-span arch series on high
piers depend upon the fixed-end reactions for the spans and upon
certain elastic constants for the arches and pier. These constants can
all be computed for a structure with ribs but no deck, and this method
was used in determining the values given in Bulletin No. 269. The
algebraic determination of the elastic constants for a multiple-span
arch series with a deck is, however, very complicated. A method of
attack which has been developed* is to determine the elastic con-
stants experimentally, and then use these values in an algebraic an-
alysis. This has been done, using Cross't method, for the arches in-
cluded in this report. The experimental work is described in Sections
6 to 10. Corresponding values of the constants for the various arches
and for the two ends of a single arch were not always equal, indicating
a lack of homogeneity in the material, or inaccuracies in the experi-
mental work, or both. The elastic constants that were used in the
analysis, given in Table 17 are based upon the experimental work,
as explained in Section 10. The geometrical constants for the arches,
also given in Table 17, have been obtained from the measured elastic
constants on the basis that n = 9. The geometrical constants for the
piers were computed from the dimensions of the piers, and the elastic
constants have been determined from the geometrical constants on the
basis that n= 9.
The computed values for the influence ordinates for the reactions
at the springings, based upon the constants of Table 17, are given in
Tables 18 to 38. These values are represented graphically by the
small open circles in Figs. 9 to 38.
The constants for converting thrust and moment into stress are
given in Table 39. One set of constants is for the stress at the spring-
ing of structures, and the other is for the stress at the section through
load point C3 of structures with intermediate expansion joints. The
stress at a section is the algebraic sum of the products of M, H, and V
multiplied by the corresponding constants. The quantities M, H, and
*This method was developed in "A Study of Multiple-Span Arches," a thesis submitted
in partial fulfillment of the requirements for the degree of Master of Science in Civil Engineering
in the Graduate School of the University of Illinois, 1930, by Donald E. Larson, writing under
the supervision of the author.
tContinuous Frames of Reinforced Concrete, Cross and Morgan, pp. 316-335.
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TABLE 19.
INFLUENCE ORDINATES FOR HORIZONTAL THRUST ALGEBRAICALLY DETERMINED
FROM EXPERIMENTAL ELASTIC CONSTANTS.
Structure with High Deck without Intermediate Expansion Joints. 20-ft. Piers.
Horizontal Thrust in lb.
East Span
+0.11701
+0.32884
+0.55042
+0.65766
+0.67364
+0.59414
+0.38860
+0.16314
-0.01299
+0.03425
+0.10646
+0.15214
+0.17276
+0.16286
+0.11134
+0.04652
+0.00059
+0.02232
+0.05072
+0.06646
+0.07110
+0.06340
+0.03965
+0.01397
Center Span West Span East Pier
+0.03322 +0.01397 -0.08379
+0.09427 +0.03965 -0.23457
+0.15058 +0.06340 -0.39984
+0.16854 +0.07110 -0.48912
+0.15713 +0.06646 -0.51651
+0.11934 +0.05072 -0.47480
+0.05158 +0.02232 -0.33702
+0.00027 +0.00059 -0.16287
+0.13064 +0.04652 +0.14363
+0.31665 +0.11134 +0.28240
+0.49408 +0.16286 +0.38762
+0.57121 +0.17276 +0.41907
+0.57121 +0.15214 +0.39845
+0.49408 +0.10646 +0.33122
+0.31655 +0.03425 +0.20531
+0.13064 -0.01299 +0.08412
+0.00027 +0.16314 -0.00032
+0.05158 +0.38860 +0.02926
+0.11934 +0.59414 +0.06862
+0.15713 +0.67364 +0.09067
+0.16854 +0.65766 +0.0 9 74 4
+0.15058 +0.55042 +0.08718
+0.09427 +0.32884 +0.05462
+0.03322 +0.11701 +0.01925
West Pier
+0.01925
+0.05462
+0.08718
+0.09744
+0.09067
+0.06862
+0.02926
-0.00032
+0.08412
+0.20531
+0.33122
+0.39845
+0.41907
+0.38762
+0.28240
+0.14363
-0.16287
-0.33702
-0.47480
-0.51651
-0.48912
-0.39984
-0.23457
-0.08379
Load of
I lb. at
El
E2
E3
E4
E5
E6
E7
E8
C1
C2
C3
C4
C5
C6
C7
CS
W1
W2
W3
W4
W5
W6
W7
W8S
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TABLE 22.
INFLUENCE ORDINATES FOR HORIZONTAL THRUST ALGEBRAICALLY DETERMINED
FROM EXPERIMENTAL ELASTIC CONSTANTS.
Structure with High Deck without Intermediate Expansion Joints. 15-ft. Piers.
Horizontal Thrust in lb.
Load of
1 lb. at
East Span
El +0.12459
E2 +0.35017
E3 +0.58576
E4 +0.69930
E5 +0.71551
E6 +0.63010
E7 +0.41077
E8 +0.17136
Cl -0.01753
C2 +0.02250
C3 +(0. 08748
C4 +0.12985
C5 +0.15019
C6 +0.14311
G7 +0.09853
CS8 +0.04115
W1 -0.00162
W2 +0.01380
W3 +0.03513
W4 +0.04739
W5 +0.05152
W6 +0.04642
W7 +0.02923
W8 +0.01029
Center Span
+0.02924
+0.08310
+0.13182
+0.14606
+0.13398
+0.09877
+0.03793
-0.00563
+0.14051
+0.34147
+0.53340
+0.61685
+0.61685
+0.53340
+0.34147
+0.14051
-0.00563
+0.03793
+0.09877
+0.13398
+0.14606
+0.13182
+0.08310
+0.02924
West Span
+0.01029
+0.02923
+0.04642
+0.05152
+0.04739
+0.03513
+0.01380
-0.00162
+0.04115
+0.09853
+0.14311
+0.15019
+0.12985
+0.08748
+0.02250
-0.01753
+0.17136
+0.41077
+0.63010
+0.71551
+0.69930
+0.58576
+0.35017
+0.12459
East Pier
-0.09535
-0.26707
-0.45394
-0.55324
-0.58153
-0.53133
-0.37284
-0 17699
+0.15804
+0.31897
+0.44592
+0.48700
+0.46666
+0.39029
+0.24294
+0.09936
-0.00401
+0.02413
+0.06364
+0.08659
+0.09454
+0.08540
+0.05387
+0.01895
West Pier
+0.01895
+0.05387
+0.08540
+0.09454
+0.08659
+0.06364
+0.02413
-0.00401
+0.09936
+0.24294
+0.39029
+0.46666
+0.48700
+0.44592
+0.31897
+0.15804
-0.17699
-0.37284
-0.53133
-0.58153
-0.55324
-0.45394
-0.26707
-0.09535
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ILLINOIS ENGINEERING EXPERIMENT 
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TABLE 25.
INFLUENCE ORDINATES FOR HORIZONTAL THRUST ALGEBRAICALLY DETERMINED
FROM EXPERIMENTAL ELASTIC CONSTANTS.
Structure with High Deck without Intermediate Expansion Joints. 10-ft. Piers.
Load of
1 lb. at
El
E2
E3
E4
E5
E6
E7
E8
Cl
C2
C3
C4
C5
C6
C7
C8
W1
W2
W3
W4
W5
W6
W7
W8
Horizontal Thrust in lb.
East Span
+0.13503
+0.37962
+0.63412
.+0.75564
+0.77122
+0.67677
+0.43791
+0.18002
-0.02180
+0.00777
+0.06084
+0.09692
+0.11561
+0.11199
+0.07767
+0.03216
-0.00306
+0.00521
+0.01789
+0.02563
+0.02874
+0.02639
+0.01682
+0.00591
Center Span
+0.02319
+0.06606
+0.10350
+0.11251
+0.10002
+
0
.
0 6 9 3 4
+
0
.
0 1 9 3 9
-0.01284
+0.15378
+0.37705
+0.59117
+0.68435
+0.68435
+0.59117
+0.37705
+0.15378
-0.01284
+0.01939
+0.06934
+0.10002
+0.11251
+0.10350
+0.06606
+0.02319
West Span
+0.00591
+0.01682
+
0
.
0 2 6 3 9
+0.028 7 4
+0.02563
+0.01789
+0.00521
-0.00306
+0.03216
+0.07767
+0.11199
+0.11561
+0.09692
+0.06084
+0.00777
-0.02180
+0.18002
+0.43791
+0.67677
+0.77122
+0.75564
+0.63412
+0.37962
+0.13503
East Pier
-0.11184
-0.31356
-0.53062
-0.64313
-0.67120
-0.60743
-0.41852
-0.19286
+0.17558
+0.36928
+0.53033
+0.58743
+0.56874
+0.47918
+0.29938
+0.12162
-0.00978
+0.01418
+0.05145
+0.07439
+0.08377
+0.07711
+0.04924
+0.01728
West Pier
+0.01728
+0.04924
+0.07711
+0.08377
+0.07439
+0.05145
+0.01418
-0.00978
+0.12162
+0. 2 9 9 3 8
+0.47918
+0.56874
+0.58743
+0.53033
+0.36928
+0.17558
-0.19286
-0.41852
-0.60743
-0.67120
-0.64313
-0.53062
-0.31356
-0.11184
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TABLE 28.
INFLUENCE ORDINATES FOR HORIZONTAL THRUST ALGEBRAICALLY DETERMINED
FROM EXPERIMENTAL ELASTIC CONSTANTS.
Structure with High Deck with Intermediate Expansion Joints. 20-ft. Piers.
Load of
1 lb. at
El
E2
E3
E4
E5
E6
E7
E8
Cl
C2
C3
C4
C5
C6
C7
CS
W1
W2
W3
W4
W5
W6
W7
W8
Horizontal Thrust in lb.
East Span
+0.12034
+0.34471
+0.57384
+0.69504
+0.72244
+0.64614
+0.42935
+0.17541
-0.02126
+0.00985
+0.07335
+0.12955
+0.16468
+0.16606
+0.11839
+0.04937
-0.00220
+0.01341
+0.03711
+0.05427
+0.06200
+0.05752
+0.03731
+0.01366
Center Span
+0.03382
+0.09449
+0.14564
+0.15695
+0.13728
+0.09376
+0.03375
-0.00571
+0.13939
+0.34826
+0.53760
+0.61977
+0.61977
+0.53760
+0.34826
+0.13939
-0.00571
+0.03375
+0.09376
+0.13728
+0.15695
+0.14564
+0.09449
+0.03382
West Span
+0.01336
+0.03731
+0.05752
+0.06200
+0.05427
+0.03711
+0.01341
-0.00220
+0.04937
+0.11839
+0.16606
+0.16468
+0.12955
+0.07335
+0.00985
-0.02126
+0.17541
+0.42935
+0.64614
+0.72244
+0.69504
+0.57384
+0.34471
+0.12034
East Pier
-0.08652
-0.25022
-0.42820
-0.53809
-0.58516
-0.55238
-0.39560
-0.18112
+0.16065
+0.33841
+0.46425
+0.49022
+0.45509
+0.37154
+0.22987
+0.09002
-0.00351
+0.02034
+0.05665
+0.08301
+0.09495
+0.08812
+0.05718
+0.02046
West Pier
+0.02046
+0.05718
+0.08812
+0.09495
+0.08301
+0.05665
+0.02034
-0.00351
+0.09002
+0.22987
+0.37154
+0.45509
+0.49022
+0.46425
+0.33841
+0.16065
-0.18112
-0.39560
-0.55238
-0.58516
-0.53809
-0.42820
-0.25022
-0.08652
Horizontal Thrust in lb.
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ILLINOIS ENGINEERING EXPERIMENT STATION
TABLE 31.
INFLUENCE ORDINATES FOR HORIZONTAL THRUST ALGEBRAICALLY DETERMINED
FROM EXPERIMENTAL ELASTIC CONSTANTS.
Structure with High Deck with Intermediate Expansion Joints. 10-ft. Piers.
Horizontal Thrust in lb. at
Load of
1 lb. at
East Span
El +0.13700
E2 +0.39196
E3 +0.65016
E4 +0.78356
E5 +0.80927
E6 +0.71794
E7 +0.47131
E8 +0.18863
Cl -0.02721
C2 -0.01167
C3 +0.03375
C4 +0.07869
C5 +0.10948
C6 +0.11497
C7 +0.08342
C8 +0.03466
W1 -0.00416
W2 +0.00112
W3 +0.01186
W4 +0.02095
W5 +0.02604
W6 +0.02530
W7 +0.01686
W8 +0.00608
Center Span
+0.02442
+0.06769
+
0
.
1 0 1 5 3
+0.10438
+0.08379
+0.04719
+0.00407
-0.01698
+0.16006
+0.40475
+0.62827
+0.72582
+0.72582
+0.62827
+0.40475
+0.16006
-0.01698
+0.00407
+0.04719
+
0
.
0 8 3 7 9
+0.10438
+0.10153
+0.06769
+0.02442
West Span
+0.00608
+0.01686
+0.02530
+0.02604
+0.02095
+0.01186
+0.00112
-0.00416
+0.03466
+0.08342
+0.11497
+0.10948
+0.07869
+0.03375
-0.01167
-0.02721
+0.18863
+0.47131
+0.71794
+0.80927
+0.78356
+0.65016
+0.39196
+0.13700
East Pier
-0.11258
-0.32427
-0.54863
-0.67918
-0.72548
-0.67075
-0.46724
-0.20561
+0.18727
+0.41642
+0.59452
+0.64713
+0.61634
+0.51330
+0.32133
+0.12540
-0.01282
+0.00295
+0.03533
+0.06284
+
0
.
0 7 8 3 4
+0.07623
+0.05083
+0.01834
West Pier
+0.01834
+0.05083
+0.07623
+0.07834
+0.06284
+0.03533
+0.00295
-0.01282
+0.12540
+0.32133
+0.51330
+0.61634
+0.64713
+0.59452
+0.41642
+0.18727
-0.20561
-0.46724
-0.67075
-0.72548
-0.67918
-0.54863
-0.32427
-0.11258
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TABLE 34.
INFLUENCE ORDINATES FOR HORIZONTAL THRUST ALGEBRAICALLY DETERMINED
FROM EXPERIMENTAL ELASTIC CONSTANTS.
Structure with Low Deck without Intermediate Expansion Joints. 20-ft. Piers.
Horizontal Thrust in lb.
Load of
I lb. at
East Span
El +0.11432
E2 +0.32597
E3 +0.51971
E4 +0.63009
E5 +0.64519
E6 +0.56624
E7 +0.38746
E8 +0.16596
C1 -0.01612
C2 +0.03581
C3 +0.10361
C4 +0.15430
CS +0.17402
C6 +0.16434
C7 +0.11608
C8 +0.05128
WI +0.00090
W2 +0.02695
W3 +0.05645
W4 +0.07539
W5 +0.08000
W6 +0.07066
W7 +0.04573
W8 +0.01666
Center Span
+0.03552
+0.09731
+0.15013
+0.16940
+0.15891
+0.11781
+0.05459
-0.00035
+0.13133
+0.31711
+0. 4 7 2 5 6
+0.55118
+0.55118
+0.47256
+0.31711
+0.13133
-0.00035
+0.05459
+0.11781
+0.15891
+0.16940
+0.15013
+0. 0 9 7 3 1
+0.03552
West Span
+0.01666
+
0
.
0 4 5 7 3
+0.07066
+0.08000
+0. 0 7 53 9
+0.05645
+0.02695
+0.00090
+0.05128
+0.11608
+0.16434
+0.17402
+0.15430
+0.10361
+0.03581
-0.01612
+0.16596
+0.38746
+0.56624
+0.64519
+0.63009
+0.51971
+0.32597
+0.11432
East Pier
-0.07880
-0.22866
-0.36958
-0.46069
-0.48628
-0.44843
-0.33287
-0.16631
+0.14745
+0.28130
+0.36895
+0.39688
+0.37716
+0.30822
+0.20103
+0.08005
-0.00125
+0.02764
+0.06136
+0.08352
+0.08940
+0.07947
+0.05158
+0.01886
West Pier
+0.01886
+0.05158
+0.079 4 7
+0.08940
+0.08352
+
0
.
0 6 136
+0.02764
-0.00125
+0.08005
+0.20103
+0.30822
+0.37716
+0.39688
+0.36895
+0.28130
+0.14745
-0.16631
-0.33287
-0.44843
-0.48628
-0.46069
-0.36958
-0.22866
-0.07880
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TABLE 37.
INFLUENCE ORDINATES FOR HORIZONTAL THRUST ALGEBRAICALLY DETERMINED
FROM EXPERIMENTAL ELASTIC CONSTANTS.
Structure with Low Deck with Intermediate Expansion Joints. 20-ft. Piers.
Load of
1 lb. at
El
E2
E3
E4
E5
E6
E7
E8
Cl
C2
C3
C4
C5
C6
C7
C8
W1
W2
W3
W4
W5
W6
W7
W8
Horizontal Thrust in lb.
East Span
+0.11402
+0.32843
+0.52591
+0.61853
+0.64751
+0.61084
+0.42926
+0.18045
-0.02705
+0.00794
+0.07456
+0.13322
+0.17143
+0.18653
+0.14088
+0.06054
-0.00206
+0.02069
+0.05055
+0.07004
+0.07927
+0.07761
+0.05280
+0.01910
Center Span
+0.03938
+0.10876
+0.15948
+0.16220
+0.14245
+0.10161
+0.04005
-0.00589
+0.13901
+0.34119
+0.50191
+0.55535
+0.55535
+0.50191
+0.34119
+0.13901
-0.00589
+0.04005
+0.10161
+0.14245
+0.16220
+0.15948
+0.10876
+0.03938
West Span
+0.01910
+0.05280
+0.07761
+0.07927
+0.07004
+0.05055
+0.02069
-0.00206
+0.06054
+0.14088
+0.18653
+0.17143
+0.13322
+0.07456
+0.00794
-0.02705
+0.18045
+0.42926
+0.61084
+0.64751
+0.61853
+0.52591
+0.32843
+0.11402
East Pier
-0.07464
-0.21967
-0.36643
-0.45633
-0.50506
-0.50923
-0.38921
-0.18634
+0.16606
+0.33325
+0.42735
+0.42213
+0.38392
+0.31538
+0.20031
+0.07847
-0.00383
+0.01936
+0.05106
+0.07241
+0.08293
+0.08187
+0.05596
+0.02028
West Pier
+0.02028
+0.05596
+0.08187
+0.08293
+0.07241
+0.05106
+0.01936
-0.00383
+0.07847
+0.20031
+0.31538
+0.38392
+0.42213
+0.42735
+0.33325
+0.1 6 6 06
-0.18634
-0.38921
-0.50923
-0.50506
-0.45633
-0.36643
-0.21967
-0.07464
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TABLE 39.
CONSTANTS FOR CONVERTING REACTION COMPONENTS INTO
STRESSES AT VARIOUS SECTIONS.
Constant for Section at
Reaction Component Springing Load-Point 3
Intrados Extrados Intrados Extrados
Moment.................... +0.0029379 -0.0029379 +0.0096080 -0.0096080
Horizontal Thrust ........... -0.0038322 -0.0038322 -0.0106414 -0.0106414
Vertical Shear ............... -0.0051095 -0.0051095 -0.0029443 -0.0029443
FIG. 40. INFLUENCE LINES FOR STRESS AT B OF BC. STRUCTURES WITH
HIGH DECKS WITHOUT INTERMEDIATE EXPANSION JOINTS.
V represent the moment, the horizontal component of the thrust, and
the vertical component of the thrust, respectively, at the section where
the stress is to be determined; they can be obtained from the influence
ordinates for the reactions at the springings, given in Tables 18 to 38,
and converted into influence ordinates for stress at the springings and
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at load-point C3 by the use of the constants given in Table 39. The
corresponding influence lines for stress are given in Fig. 39 for the
stress at B of BC, and for the stress at C3. All structures represented
by these diagrams have identical 20-foot piers, and the variations in
the influence lines are attributed to variations in the decks of the
various structures. Figure 39 apparently indicates that the large
variations in the elastic constants of the arch spans, recorded in
Table 17, have relatively little effect upon the influence ordinates for
stress at C3, the vulnerable section of the structures with a deck with
intermediate expansion joints. Figure 39 also indicates that varia-
tions in the elastic constants of the arch spans have a greater effect
upon the stress at. B of BC than upon the stress at C3, but even at
B of BC the variation in the stress is much less, relatively, than the
variation in the elastic constants.
The influence lines for stress at B of BC, for structures with
various pier heights, are given in Fig. 40 for structures with a high
deck. These influence lines apparently indicate that changing the
height of the pier, with the accompanying change in the elastic con-
stants given in Table 17, produces a change in the influence ordinates
for stress at B of BC which is much less, relatively, than the change
in the elastic constants. The influence lines for stress at C3, for
structures with various pier heights, are given in Fig. 41 for structures
with a high deck, and also for those with a low deck. Figure 41 ap-
parently indicates that changing the height of the pier, with the ac-
companying change in the elastic constants given in Table 17, produces
a change in the influence ordinates for stress at C3 which is very much
less, relatively, than the change in the elastic constants. In the preced-
ing discussion, all arch spans and all piers for a structure were assumed
to be identical.
In order to determine the effect of variations in the elastic con-
stants of adjacent arch spans upon the stresses, two structures were
analyzed for which the properties of the material were assumed to be
different for the different spans. Both structures had 20-ft. piers; one
had a high deck without, and the other a high deck with intermediate
expansion joints. The constants for the center span were assumed to
be the same as for all three spans of the corresponding structures given
in Table 17, and the constants for the end spans were assumed to be
two-thirds as great as the corresponding constants in Table 17. The
influence lines for stress in these hypothetical structures, and the
corresponding influence lines of the structure for which all spans are
identical, are compared in Fig. 42. This figure also apparently indi-
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cates that a considerable variation in the elastic constants produces
a relatively small variation in the influence ordinates for stress.
The discussion in the preceding paragraphs apparently justifies the
following conclusions:
The influence ordinates for the reactions at the springings of a
three-span series of arches with decks can be determined by an alge-
braic analysis in which experimentally-determined constants are used.*
Because a considerable variation in the elastic constants of either the
arch spans or of the piers produces a comparatively small variation in
the stress in the arch rib, a considerable error in the elastic constants
is not serious, providing they are mutually statically consistent. But
if the analysis is to be used to determine dead-load stresses, the fixed-
end reactions should be determined with a high degree of accuracy.
The constants may be determined by tests on small concrete struc-
tures or on celluloid models.
16. Influence Ordinates from Tests of Elastic Models.-Tests were
made on celluloid models of the structures with a low deck to deter-
mine the influence ordinates for the reactions at the springings of the
arch spans. The models were made of annealed clear sheet celluloid
0.09 in. thick, which is manufactured specially for use in elastic mod-
els. The scale of the models was 1 in. = 1 ft., except for thickness.
The end span, half of the center span, and the top portion of the
included pier were continuous, being cut from a single sheet. The
two halves thus formed were fastened together with a steel clamp at
the crown of the center span. The piers were made up of three thick-
nesses of celluloid glued together and reinforced with machine screws
on the centerline. The portion of the pier that was cut integrally
with the arch formed the upper part of the center lamination. Tests
indicated that the glue did not affect the modulus of elasticity of
the celluloid and that the fabricated three-ply pier was three times
as stiff as a single-ply pier of the same outline. The two main por-
tions of the model were cut from the same sheet of celluloid and the
additional pieces of the piers were cut from a similar sheet which,
tests indicated, had the same modulus of elasticity as the other. The
I
width of the members was such that the values of I for the variousL
members bore the same ratio to each other for the model as for the
concrete specimen. The model was tested in a horizontal position and,
*These constants include the influence ordinates for the fixed-end reactions of a single
span and the reactions that accompany a unit movement of one springing of a single span,
the other springing being fixed. The latter are referred to as the elastic constants.
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to eliminate friction, was supported on 1/s-in. steel balls that ran on
level plate-glass supports. Steel discs, weighing 3 oz. each, were dis-
tributed over the model to keep it from warping.
In the tests to determine the reaction components for the east
abutment, the deformeter gage was attached at the east springing of
the east rib. The end of the rib was then given, successively, tangential
and normal motions of translation and a motion of rotation. Microm-
eter microscopes focused on targets at the load points gave the verti-
cal movement of these points which accompanied a known movement
(T, N or 0) of the springing of the arch. On the assumption that the
model is perfectly elastic, these vertical movements are a measure of
the reaction components parallel, respectively, to the component move-
ments at the springing. The tangential and normal reaction compon-
ents were later converted into horizontal thrust and vertical shear.
The tests to determine the influence ordinates for the reaction
components at the pier tops differed from the tests just described in
two respects. Since the structure was continuous over the section
where the reaction components were to be determined, it was neces-
sary to cut the structure and, by means of the deformeter gage, pro-
duce relative motion between the two adjacent portions of the severed
member instead of between the end of the member and the drawing
board to which the other terminals of the model were fastened. Be-
cause of the interference of the adjacent span, the deformeter gage
could not be attached at the springing of the arch, and it was attached
at a section about % in. from the springing. The reactions at this
section were later converted into moment, horizontal thrust, and ver-
tical shear at the springing.
Tests were made to determine the reaction components at both
springings of all three spans due to a unit load at each load point over
the entire length of the structure. A check was thus obtained from
the symmetry of the structure. The two diagrams, one for a reaction
component for a section in the east half of the structure and the
other for the same reaction component at the corresponding section
in the west half of the structure, should be identical if one is turned
end-for-end relative to the other. For all reaction components the two
diagrams, which for a perfect check should be identical, were actually
so nearly identical that they were hardly distinguishable. The values
reported are the averages for the two ends.
The influence ordinates determined from the deflection of the
celluloid model on the assumption that the model was perfectly elas-
tic have been entered on the diagrams of Figs. 24 to 29, 37 and 38.
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These values are represented by small solid circles. The values for
the reaction components of the abutments obtained from tests of
celluloid models agree very closely with the corresponding values ob-
tained from the tests of the concrete specimens by the use of unit loads,
and also with the values obtained from the tests of the concrete speci-
men in which the vertical movement of the load points due to terminal
movements was measured. The statement is true both for the structure
without and for the one with intermediate expansion joints.
The values of the horizontal and vertical reaction components at
the springings of the arches adjacent to the piers agree closely with
the values obtained from tests of the concrete specimens in which unit
loads were used, but the values for the moment, while agreeing fairly
well, differ slightly from the values obtained from the concrete struc-
ture in some instances. Possibly this difference is not greater than the
differences that might be obtained from tests of two concrete structures
built to the same drawings and specifications.
The influence ordinates obtained from the tests of the celluloid
model were used in computing the dead-load reactions. Except for
the differences due to the shortening of the rib and pier, the dead-load
reaction components should be the same at all springings and they
should be the same as for a single span with fixed ends. The dead-
load reaction components at the various springings of the two struc-
tures are given in Table 40. Although the values differ greatly, rela-
tively, the absolute values are small. The values obtained by weighing
the reactions when the dead load was applied or removed are not re-
ported for the structure with a low deck, but the values for a structure
with a high deck, which are comparable, are given in Tables 41, 42,
and 43. The values obtained from tests of the concrete structure and
from tests of the celluloid models differ, for the various springings, by
approximately the same amounts.
Models of the structure with a low deck were tested by B. S.
Tucker, a graduate student at the University of Ohio, working under
the supervision of Professor Clyde T. Morris. The technique, insofar
as it applied to the abutment reactions, was the same as that used
at the University of Illinois. The abutment reaction components ob-
tained by Mr. Tucker are presented in Figs. 37 and 38;* they are in
almost perfect agreement with the results obtained at the University
of Illinois.
It would appear that a statically indeterminate structure similar
to a multiple-span series of arches can be analyzed successfully by the
*These values are presented with the knowledge and consent of Prof. Clyde T. Morris.
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TABLE 40
DEAD-LOAD REACTION COMPONENTS
Horizontal Vertical Shear
Moment in in. lb. at Thrust 
i c a l a
Structure in 
lb. at in lb. at
A of AB B of AB B of BC AB BC AofAB B of AB B of BC
From Celluloid Models
Low deck without inter-
mediateexpansionjoints +12 450 -21 700 -18 250 25 883 25 484 27 349 27 368 27 620
Low deck with intermedi-
ate expansion joints. .. + 2 124 -42 900 - 4 900 26 562 26 912 27 140 27 426 27 227
From Design-load Tests of Concrete Specimen
High deck without inter-
mediateexpansionjoints +10 000 -23 100 -16 500 26 809 26 584 27 098 27 302 27 149
High deck with intermedi-
ate expansion joints. . . +11 300 +10 300 +25 000 27 061 26 769 27 197 27 203 27 204
From the Experimental Influence Ordinates of Tables 9 and 10
Low deck without inter-
mediateexpansionjoints +33 500 +33 500 +33 500 27 525 27 525 27 200 27 200 27 200
Low deck with intermedi-
ate expansion joints. .. +30 741 +30 741 +30 741 27 000 27 000 27 200 27 200 27 200
use of an elastic model. But the fact should be realized that satisfac-
tory results can only be obtained if extreme care is used, for the
movements measured are very small. From the experience obtained
in the analyses described in this section certain precautions are sug-
gested which, if exercised, will contribute to the success of analyzing
structures by this method:
(1) The model is so large relative to the movement at the load
points that a very slight variation in the temperature of the model in-
troduces an objectionable error. It is therefore necessary to work in a
room that remains at a constant temperature, and is free from air
currents. It was found that a variation in temperature of one degree
F. per hour was objectionable.
(2) The celluloid to be used should be annealed, and the move-
ments should be small, otherwise there may be an error due to time
yield.
(3) The plugs and the micrometer should be calibrated against
each other.
(4) The test should be planned so that errors in the quantity
measured will not appear greatly magnified in the final results.
(5) If the several pieces forming a model are fastened together
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with adhesive, an adhesive should be used which does not affect the
physical properties of the material. If they are assembled with
clamps, these should be of a type that will not permit slippage.
(6) The number of reactions determined experimentally should be
more than necessary to make the structure statically determinate in
order that the laws of statics may afford a check.
17. Comparison of Influence Lines Determined by Various Methods.
-The influence ordinates for reactions at the springings were de-
termined by two experimental methods, (1) by measuring the changes
in the reactions at the terminals that accompany the application and
removal of a unit load at each load point, and computing the reac-
tions at the springings from the measured reactions at the terminals;
and (2) by measuring the fixed-end reactions for the arches and
determining the elastic constants for the spans by measuring the
changes in reactions at the springings accompanying a unit movement
of one end relative to the other, and computing the reactions due to
the application and removal of a unit load from the measured move-
ment of the pier tops. The reactions at the terminals were also de-
termined from the vertical movement of the load points accompanying
a unit movement of a terminal on the basis that a deflection diagram
is an influence line for the reaction. The influence lines determined by
the various methods are superimposed upon each other in Figs. 9
to 38. The lines determined by the various methods have much the
same character but differ materially in detail in some instances.
In judging of the probable accuracy of the influence lines de-
termined by the various methods, it is necessary to consider the pos-
sibility of error in their determination. The vertical scales seemed to
function with a very high degree of accuracy and all measured vertical
reactions are believed to be accurate. The horizontal reactions could
not be determined with the same degree of assurance as the vertical
reactions, for the terminals are supported on the vertical scales which
are carried on rollers, and any rolling friction or obstruction to free
rolling diverts some of the horizontal force from the horizontal scales.
The vertical reaction at each abutment was approximately 27 000 lb.,
and this did not seem to cause any appreciable rolling friction. The
load on the rollers under the pier bases was 120 000 lb. and, while
there seemed to be no appreciable rolling friction, the apparatus be-
haved as if there was a slight projection on either the roller or the
track, in spite of the fact that both roller and track had been finished
with extreme care. The apparatus was calibrated for position of the
rollers, the position of the rollers during a test was noted, and the
ILLINOIS ENGINEERING EXPERIMENT STATION
horizontal scale readings were corrected for the change in position.
An additional check was made for all of the horizontal scales by
making a summation of all of the increments of the horizontal forces.
This sum should be zero, and in most. cases did not exceed 40 lb., and
in many cases did not exceed 10 lb. When the summation of H or V
did not equal zero, the error was distributed among the terminals in
proportion, approximately, to the vertical reactions, actually 0.10
to each abutment and 0.40 to each pier base.
The moments at the abutments, which were determined from the
vertical reactions, and for which the arms of the forces were small,
are believed to be very accurate. The moments at the pier bases for
the structures having 20-foot piers are also fairly accurate, since the
horizontal force at the pier base, which is about 25 feet below the
springing of the arch and 5 feet below the base of the pier, has a small
lever arm. For structures having 15-foot and 10-foot piers, the
moments at the bases of the piers, as determined from measured re-
actions, are less dependable, since the arm of the horizontal force is
greater, and an error in the horizontal force produces a greater error
in the moment. The moment at the springings of the end spans is less
accurate at. the pier end than at the abutment end because, for the
former, the lever arm of the vertical reaction of the abutment is great,
27 feet, and a small error in this reaction makes an appreciable error
in the moment. However, as stated previously, the vertical reactions
were determined with a high degree of accuracy, and the moment
at the pier end of the outside spans, as determined from the measured
reactions, may be accepted as being not seriously in error even though
the moment arm.is long.
The moments at the springings of the center span, as determined
from the measured reactions, involve: (1) The vertical reaction of the
abutment, which can be determined very accurately, but which has a
lever arm of 27 feet; (2) the vertical reaction at the pier base, which
can be determined accurately, and which has a short lever arm; and
(3) the horizontal reaction at the pier base, which cannot be de-
termined with extreme accuracy, and which has an arm of about 25
feet. The resultant moment is the small difference between the two
large moments of opposite sign, and a relatively small error in either
of the component moments makes a relatively large error in the re-
sultant moment. The errors in those tests of Section 13 which were
omitted are believed to be due to an error in the horizontal force at
the pier base. For the tests reported, the sum of the horizontal forces
was very nearly zero, and the moments reported are probably very
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close to the true values. Nevertheless, the method of determining the
reactions at the springings of the center span from the measured re-
actions is not as dependable as could be desired.
The reactions at the springings as determined from the movement
of the pier tops depends upon four experimentally-determined con-
stants: (1) The fixed-end reactions for a single span; (2) the
moment and thrust at the springing due to a unit change in span;
(3) the moment at the end rotated and at the opposite end, due to a
unit rotation of one end; and (4) the horizontal thrust due to unit
rotation of one end. Of these it is believed the two first enumerated
were determined with a satisfactory degree of accuracy; the two last
could not be determined accurately for the center span, but were de-
termined with a fair degree of accuracy for the end spans.
The resultant moment at the springing is the algebraic sum of the
four quantities (1) fixed-end moment, (2) moment due to change
in span, (3) moment due to rotation of near end, and (4) moment
due to rotation of far end. This resultant moment can be obtained
with a fair degree of accuracy for the end spans, since all four com-
ponents can be obtained satisfactorily. For the center span, as already
stated, the latter two components cannot be determined accurately.
This at first appears unfortunate since it is these same moments that
cannot be determined satisfactorily from the measured reaction.
Fortunately, however, the uncertain quantities do not enter largely
into the moments at points where the loads produce the largest mo-
ments, as is evident from the computations for the moments due to
loads in the center span, given in Table 13. The value of the resultant
at B of BC due to a load of 2000 lb. at C1, given in Table 13, is
- 33 101 in. lb., and the components of the moment due to rotation,
the quantities whose values are somewhat uncertain, are - 5529 and
- 439 in. lb. An error of 20 per cent in the larger of these uncertain
quantities would make an error of only 3 per cent in the resultant.
An examination of the other tables (not included in this bulletin)
similar to Table 13, reveals the fact that the moment at B and C
of BC, due to a load at the points where the load produces a large
moment, is not likely to be seriously in error due to errors in the ex-
perimental constants.
The deflection diagrams are of interest when considered as in-
fluence lines. The movement of the terminals and the vertical move-
ment of the load points were measured very accurately. Any dis-
crepancy between a deflection diagram and the corresponding true
influence line is believed to be due to a lack of perfect elasticity in
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the material of the arch. A comparison of the deflection diagrams and
the influence lines for vertical reactions shows that the diagram repre-
senting the vertical movement of the load points due to a vertical
movement of a terminal coincides with the influence line for the
vertical reaction of the terminal moved. The comparison of the de-
flection diagrams and the influence lines for horizontal reactions
shows that, for some portions of the diagrams, an ordinate of the
diagram representing the vertical movement of the load point due
to a horizontal movement of a terminal differs somewhat from the cor-
responding ordinate of the influence line for the horizontal reaction
of the terminal moved. The agreement between the two sets of curves
is very close for experimental diagrams, and the differences are im-
portant only because of the large difference in stress that is produced
by a slight difference in the horizontal force, especially over the
central portion of the arch. The statements relative to the influence
lines for horizontal reactions and the diagrams showing the deflection
due to horizontal movement of the terminals are also true relative
to the influence lines for moment and the diagrams showing the de-
flection due to the rotation of a terminal.
The influence lines were also obtained by analyzing the struc-
ture by an algebraic process, using experimentally-determined elastic
constants for the arch spans. This is believed to be the most satis-
factory of all of the methods used. Even though the elastic constants
are in error, if they are mutually consistent and comply with the re-
quirements of statics, the errors in the elastic constants will not
greatly affect the influence ordinates for stress.
The flexural stress in the rib of an arch is due to a small difference
between two large moments of opposite sign. If the influence ordinates
are determined by an all-experimental method, as in Sections 12 to 14,
an error may be introduced in the factors affecting the moment of one
sign which is, relatively, very small but, because this error affects
one of the large quantities and does not affect the other, the resultant
moment may be seriously in error. An error in the elastic constants
for the arch used in the algebraic analysis, so long as all of the con-
stants are mutually consistent, does not have this effect.
The maximum live-load stress at any section of a three-span arch
bridge is produced by placing loads on only those portions of the
structure for which the influence ordinates for stress at the given sec-
tion have the same sign. For this reason influence ordinates need not
be determined with extreme accuracy if they are limited in their use
to the determination of live-load stress. But, because the influence
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lines for stress lie partly above and partly below the base line with the
positive and negative areas nearly equal, the influence ordinates must
be determined with extreme care if they are to be used to determine the
dead-load stress. It is believed that none of the experimental methods
used for determining influence ordinates are sufficiently accurate to
permit of the use of the resulting influence ordinates in determining
the dead-load stress in the rib of the three-span arch bridge. The
algebraic analysis involving experimental constants is sufficiently
accurate to be used in determining dead-load stress in the three-span
structures only if the influence ordinates for the fixed-end reactions
are sufficiently accurate to be used in determining the dead-load stress
in a single span.
V. DESIGN-LOAD TESTS
18. Description of Tests.-The design-load test consisted of meas-
uring the changes in the reactions at the terminals, the strain in the
concrete of the rib, and the vertical movement of the load points due
to applying first the dead load and then the live load, and also that
due to removing first the live load and then the dead load. The
terminals were returned to their normal position after each load
change before the readings were taken. The design-load test was made
for the structure with a high deck only.
The design dead load is shown in Fig. 8. The live load, based
upon specifications for highway bridges, consisted of a distributed
moving load equal to 960 lb. per panel, and a moving concentrated
load of 1800 lb. to be superimposed upon the distributed load. This
live load was distributed so as to produce a maximum stress at B of
BC for the structure without intermediate expansion joints, and so
as to produce a maximum stress at C3 for the structure with inter-
mediate expansion joints. The load distribution used, given at the top
of Fig. 8, was determined from the influence lines for stress for a
structure having 20-ft. piers, based upon the experimental work of
Section 12. The live-load distribution for maximum stress, based upon
the influence lines* given in Fig. 39, would be slightly differ-
ent from that used, but the maximum stress corresponding to the live-
load distribution called for by the latter diagrams does not differ
greatly from that due to the live load used. The design-load tests were
made on structures without intermediate expansion joints having pier
heights of 20 ft., 15 ft., and 10 ft., and on structures with intermedi-
ate expansion joints having pier heights of 20 ft. and 10 ft. The same
*These influence lines were not available when the design load and capacity tests were
planned.
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TABLE 42.
HORIZONTAL THRUST AT SPRINGINGS FROM MEASURED REACTIONS.
DESIGN-LOAD TEST.
Horizontal Thrust in lb.
Pier
Height Load -
ft. East Span Center Span West Span East Pier West Pier
Structure with High Deck without Intermediate Expansion Joints
20 Dead load. ........... +26 809 +26 .84 +26 910 - 225 - 326
Live load ........ . + 373 + 2 491 + 763 +2118 +1728
Dead load + live load.. +27 182 +29 075 +27 673 +1893 +1402
15 Dead load ............ +26 776 +26 571 +27 020 - 205 - 449
Live load............. + 315 + 2 733 + 644 +2418 +2089
Dead load + live load. +27 091 +29 304 +27 664 +2213 +1640
10 Dead load ............ +26 806 +26 708 +26 938 - 98 - 230
Live load............. + 172 + 2 910 + 548 +2738 +2362
Dead load + live load. +26 978 +29 618 +27 486 +2640 +2132
Structure with High Deck with Intermediate Expansion Joints
20 Dead load ............ .+27 061 +26 769 +26 731 - 292 + 38
Live load............. + 336 + 3 107 + 985 +2771 +2122
Dead load + live load.. +27 397 +29 876 +27 716 +2479 +2160
10 Dead load ............ +27 037 +26 792 +26 760 - 245 + 32
Live load............. + 84 + 3 381 + 731 +3297 +2650
Dead load + live load.. +27 121 +30 173 +27 491 +3052 +2682
live load was used at all pier heights, but the live loads for the struc-
tures with and without intermediate expansion joints were different.
The strain in the concrete was measured at sections midway be-
tween the load points; and the reactions at the springings were de-
termined from the measured reactions at the terminals. The latter
are given in Tables 41, 42, and 43. The thrust lines for the various
structures are given in Fig. 43. The location of these thrust
lines was determined from the measured reactions at the terminals,
and are for the structure as a whole, considered as a rigid body. They
do not represent exactly the position of the thrust in the rib alone
because some of the thrust is taken by the deck. The trapezoids of
strain are based upon the measured strain, and the small circles repre-
sent the centers of pressure, determined from the strain on the basis
that stress is proportional to strain, and that the strain in the steel is
the same as in the adjacent concrete.
The fact that the centers of pressure are so near the thrust lines
indicates that the superstructure did not greatly affect the stress in
the rib due to the design load. This is due in part to the fact that the
thrust line is within the kern of the rib except near B of BC, and in
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part to the fact that only the end columns of the center span assist
the rib in resisting the moment near the springing, the only section
at which there is an appreciable moment. The center of pressure at
the section directly below the expansion joints should be on the thrust
line since, at this section, all of the thrust is taken by the rib.
The deflection diagrams for the design-load tests are given in
Fig. 44. The effect of the pier height and also of the intermediate
expansion joints upon the deflection of the deck are of particular
interest.
VI. CAPACITY TESTS
19. Description of Tests.-The capacity test consisted of measur-
ing the changes in the reactions at the terminals, the strain in the con-
crete of the rib, and the vertical movement of the load points due to
applying the dead load and a live load, the latter in multiples of one
live load, until the capacity of the structure had been reached. The
height of the piers for these tests was 20 feet.
Before the capacity tests were made, the intermediate expansion
joints in the deck were closed by connecting the reinforcing steel
across the joint with sleeve nuts and filling the joint with a rich sand-
cement mortar. None of the joints cracked during the capacity test,
indicating that the joints were able to resist shear and tension as well
as compression.
Two tests were made on each of the structures without intermedi-
ate expansion joints. For the first test the live load was distributed
so as to give the stress at B of BC a maximum value, and, for the
second, the load was distributed so as to give the stress at C4 a maxi-
mum value. For, the structure with a high deck the live load was
distributed as shown in Fig. 45, and for the structure with a
low deck as shown in Fig. 46. Readings were taken when the
structure carried no load, when it carried the design dead load,
the dead load plus one live load, the dead load plus three live loads,
and the dead load plus five live loads. The terminals were returned
to their normal position after the application of each load incre-
ment before the readings were taken. Each of these tests was stopped
when five live loads had been added to the dead load, as a number
of small cracks had opened in the spandrel columns, and it was not
intended that the structure be destroyed but that it be saved to be
tested to failure as a structure with intermediate expansion joints.
After the tests just described had been completed, the intermedi-
ate expansion joints in the deck were again opened and the resulting
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FIG. 48. SECTION OF RIB AT C3 AFTER FAILURE.
STRUCTURE WITH HIGH DECK
structure was loaded to failure, the load being distributed so as to
produce failure by compression at the extrados at C3. The live load
used for this test is shown in Fig. 47 for the structure with a high deck,
and also for the structure with a low deck. Loads at Cl and C5
would have produced a little compression at the point of failure, but
the addition in stress would have been very small. Moreover, loads at
C1 and C5 would have added greatly to the loads on the outside scales
under the pier bases, and these scales were overloaded even with the
load distribution used. For these reasons the live loads at C1 and C5
were omitted in this test.
For the structure with a high deck a complete set of readings was
taken when the structure carried no load, and when it carried the
design dead load, the dead load plus one live load, the dead load plus
two live loads, the dead load plus four live loads, and the dead load
plus five live loads. Six live loads were added to the dead load and the
terminals were returned to their normal position. The rib was badly
cracked at the intrados, and the extrados was spalled on a section at
the east edge of the spandrel column at C3, but the structure carried
the load for 15 to 20 minutes. It is possible that if this load had re-
mained the structure would eventually have failed. Instead, additional
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FIG. 50. SECTION OF RIB AT C3 AFTER FAILURE. STRUCTURE WITH Low DECK
loads were applied at C3, and failure occurred when 700 lb. had been
added. The section at C3 after failure is shown in Fig. 48, and the
load on the structure at failure is shown in Fig. 49.
For the structure having a low deck with intermediate expansion
joints a complete set of readings was taken when the structure carried
no load, and when it carried the design dead load, the dead load plus
one live load, the dead load plus three live loads, and the dead load
plus five live loads. The maximum load applied consisted of the dead
load and six live loads plus 960 lb. at C3. Under this load there was
a large tension crack at the intrados, and the concrete was badly
spalled at the extrados, as shown in Fig. 50. It was believed that this
load would eventually break the arch, and so no additional loads were
added. Failure had not occurred, however, at the end of a 12-hour
period and the test was discontinued. Figure 51 shows the arch carry-
ing the maximum load to which it was subjected.
The strain in the concrete was measured at sections midway be-
tween the load points, and the reactions at the springings were de-
termined from the measured reactions at the terminals. The thrust
lines for the various tests are given in Figs. 45 to 47. The position of
the thrust lines was determined from the measured reactions at the
terminals, and are for the structure as a whole, considered as a rigid
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body; these thrust lines do not coincide with the thrust line for the
rib alone. For all tests the thrust lines are drawn from the two ends
toward the middle, and the failure "to close" at the center is indi-
cated by the offset at the crown of the center span. There appears to
have been an error in the reactions for the structure with a high deck,
as the offset in the thrust line at the center is large. The fact that the
offset is so nearly constant for all loads suggests that the error is in
the no-load reading, as this reading is the base from which all incre-
ments were computed. The offset in the thrust line for the structure
with a low deck is small for all tests. The fact should be remembered,
however, that a small error in the location of the thrust lines may
cause a large error in the unit stress. The trapezoids of strain are
based upon the measured strain in the concrete, and the small circles
represent the centers of pressure, determined from the strain on the
basis that stress is proportional to strain, and that the strain in the
steel is the same as in the adjacent concrete. The fact that the stress
on the uncracked sections is low, and the fact that the structure had
been loaded and unloaded several times before this test was made,
makes it appear probable that the stress-strain diagram was nearly
straight. The centers of pressure were not determined at sections
where there was sufficient tension to crack the concrete, since at such
sections the assumptions upon which the determinations were based
are seriously in error. The fact that the centers of pressure do not fall
upon the thrust line over the middle portion of the span, for the struc-
ture without intermediate expansion joints loaded for maximum stress
at C4, is due, at least in part, to the fact that the centers of pressure
are points on the thrust line for the rib, whereas the thrust line shown
is for the structure as a whole. The fact that the center of pressure
is nearer the axis of the arch than the thrust line indicates that the
superstructure has reduced the moment in the rib. The center of
pressure at the section directly below the expansion joints, for the
structure with intermediate expansion joints, should be on the thrust
line since, at this section, all of the thrust is taken by the rib.
Some idea of the extent to which deck participation reduces the
moment in the rib may be obtained by comparing the eccentricities
of the thrust lines for the structure as a whole at C4 of Fig. 45 and at
C3 of Fig. 47, when both structures carry the dead load and five live
loads. The eccentricity, considering the thrust line for the structure
as a whole, is much greater for the former than for the latter, yet the
rib of the former showed no indication of failure, whereas the rib of the
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latter was badly cracked, and failed at the section under consideration
when the load was increased to slightly more than six live loads.
The deflection diagrams for the capacity tests are given in Figs.
52, 53, and 54 for the structure with a high deck, and also for
the structure with a low deck. The greater stiffness of the struc-
tures without intermediate expansion joints as compared with sim-
ilar structures with expansion joints is of special interest. Of
the structures without intermediate expansion joints the one with a
low deck is much stiffer than the one with a high deck. For the struc-
ture having a high deck with intermediate expansion joints, the de-
flection at C3 under five live loads was 0.93 in.; the deflection at the
ultimate load probably exceeded 1.25 in.
The unit stresses at B of BC, for the structure without intermedi-
ate expension joints, and at C3, for the structure with intermediate
expansion joints, obtained from the measured reactions at the termi-
nals are given in Table 44. Two stress determinations were made for
each section, one from the forces acting on the portion of the structure
to the right, and the other from those acting on the portion to the left
of the section considered. Both values are reported in the table.
The unit stress at any section depends largely upon the moment on
that section, and the resultant moment is the small difference between
two large moments of opposite sign; hence a relatively small error in
one will produce a relatively large error in the resultant. The offset
in the dead-load thrust line of Fig. 47 accounts for the difference in
the values of dead-load stress at C3. The most accurate experimental
method for determining the dead-load stress in the structure with a
deck is to determine the magnitude of the thrust from the measured
reactions, and locate the thrust line from the measured strain. The
dead-load stress at C3 determined in this manner is - 782 lb. per sq.
in., a value somewhat greater than the larger of the two values for
the structure with a high deck given in Table 44. Unfortunately this
method cannot be used to determine the live-load stress at C3, be-
cause the thrust is so eccentric that the section is cracked and the po-
sition of the thrust line cannot be determined from the strain. The
two values of stress, one determined from the reactions on the east
half, and the other from those on the west half of the structure, due to
the larger loads on the structure with a high deck, are fairly con-
sistent and the average values may be considered approximately cor-
rect. The two sets of values for the structure with a low deck given
in Table 44 are very consistent, considering the manner in which they
were determined.
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TABLE 44.
UNIT STRESSES AT VARIOUS LOADS. CAPACITY TEST.
Stresses are in lb. per sq. in.
Stress at Intrados of Section B of Stress at Extrados of Section C3.
BC. Deck without Intermediate Deck with Intermediate Expan-
Expansion Joints. From sion Joints. From measured
measured reactions on reactions on
Load
East Half West Half East Half West Half
of Sof Struf Struc- Average of Struc- of Struc- Average
ture ture ture ture
Structure with High Deck and 20-ft. Piers
Dead load................. - 105 - 244 - 175 - 659 - 191 - 425
Dead load + 1 live load..... - 396 - 517 - 457 -1228 - 821 -1025
Dead load + 2 live loads.... ...... ...... ...... -1772 -1494 -1633
Dead load + 3 live loads.... - 958 -1039 - 999
Dead load + 4 live loads.... ..... -2621 -2931 -2776
Dead load + 5 live loads.... -1744 -1510 -1627 -2917 -3158 -3038
Structure with Low Deck and 20-ft. Piers
Deadload................. - 181 - 191 - 186 - 600 - 481 - 541
Dead load + 1 live load.. ..- 527 - 523 - 525 -1235 -1183 -1209
Dead load + 3 live loads.... -1123 -1093 -1108 -2405 -2563 -2484
Dead load + 5 live loads.... -1604 -1568 -1586 -3366 -3654 -3510
The reactions were not determined at the ultimate load but, basing
the estimate upon the values in Table 44, the maximum stress at
the ultimate load was probably about 3200 lb. per sq. in. for
the structure with a high deck, and about 4000 lb. per sq. in. for the
structure with a low deck. The strength of the control cylinders was
3400 lb. per sq. in. for the former, and 4280 lb. per sq. in. for the latter.
The first two capacity tests were not carried to destruction, but
some indication of the nearness to failure may be obtained from the
cracks that formed as the test progressed. The rib showed no large
cracks when the arch carried five live loads in addition to the dead
load, and, if the superstructure had been strong enough to take its
part of the load, the arch could probably have carried a much greater
live load than was put upon it. But the spandrel columns and the
stem of the deck cracked, and at five live loads these cracks had
opened so that if loading had continued the structure probably would
have failed, first in the deck and then in the rib. The load that would
have been required to produce failure, however, is problematic.
The cracks in the spandrel columns and deck at five live loads were
about as wide as the cracks in the rib of the structure with expansion
joints when the latter carried three live loads, one-half of the ulti-
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TABLE 45.
MOVEMENT OF PIER TOPS. CAPACITY TEST.
Span changes are in 0.0001 inch; a plus sign denotes an increase in span.
Rotations are in 0.0001 radian; a plus rotation denotes that the pier top tipped inward.
Change in Span Rotation of
Test Load
East West
East Center West Pier Pier
Maximum Stress at 1 live load.............. - 379 + 739 - 360 -1.174 -1.182
C4. Structure with 3 live loads ............. -1059 +2284 -1225 -2.918 -4.558
High Deck without 5 live loads. ............ -2269 +4597 -2328 -5.187 -9.436
Intermediate Ex-
pansion Joints
Maximum Stress at Dead load ........... + 35 - 198 + 163 +1.220 -0.373
C3. Structure with Dead load + 1 live load.. - 249 + 459 - 210 +1.938 -2.567
High Deck with In- Dead load + 2live loads.. - 590 +1243 - 653 +2.747 -6.070
termediate Expan- Dead load + 4 live loads.. -1387 +3112 -1725 +4.868 .......
sion Joints Dead load + 5 live loads.. -1854 +4290 -2436 +6.806 .......
mate load for the latter, which was six live loads. This is not proof,
however, that the structure without expansion joints would have
carried 10 live loads, or twice the live load which it carried when the
test was discontinued.
The cracks observed in the capacity tests of the structure with a
low deck are shown in Fig. 55. The numerals adjacent to the cracks
indicate the number of live loads that were on the arch when the
cracks in the structure were observed.
The movements of the pier tops that were observed during the
capacity tests are given in Table 45.
VII. AUXILIARY TESTS
20. Movement at Expansion Joints Due to Change in Span.-The
need of expansion joints in the deck of an arch bridge depends upon
the movement that would take place if the joints were provided. Tests
were made on the structures having a deck with expansion joints to
determine the relation between a change in span and the corresponding
opening and closing of the expansion joints.
For these tests the structure carried the design dead load. Ames
dials attached to the deck indicated the change in width of the ex-
pansion joints. After the initial readings had been recorded, the abut-
ments were moved out 0.30 in., thereby increasing each span about
0.10 in. The tops of the piers were brought to the same vertical and
angular positions as for the initial readings, and the Ames dials in-
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TABLE 46.
MOVEMENT AT EXPANSION JOINT DUE TO CHANGE IN SPAN.
Span changes are in 0.0001 inch; a plus sign denotes an increase in span.
Changes in width of expansion joints are in 0.0001 inch; a plus sign denotes an increase in width.
Change in Span Change in Width of Expansion Joints
East Span Center Span West Span
East Center West
Span Span Span
East West East West East West
Structure with High Deck
+1075 +1129 + 799 -269 -243 -268 -269 -178 -163
-1073 -1128 - 802 +276 +251 +277 +275 +183 +170
Av. +1000 +1000 +1000 -254 -230 -241 -241 -225 -208
Average of ratio ovement atone Expansion Joint = -0.233
Change in Span
Structure with Low Deck
- 978 - 995 -1026 +114 + 96 +100 +114 +109 +133
+ 973 +1000 +1027 -114 - 93 -100 -109 -107 -133
Av. +1000 +1000 +1000 -117 - 97 -100 -112 -105 -130
Average of ratio Movement at one Expansion Joint = -0.110
Change in Span
dicating the changes in span and the movement at the expansion
joints were read, thereby giving the change in span of each arch and
the movement at each expansion joint due to the increase in span.
The abutments were then returned to their initial position, and the
readings were again recorded after the pier tops had been adjusted
for vertical and angular motion.
The results of the tests are presented in Table 46. The ratio of the
movement at one expansion joint to the change in span, the average
for all tests, is 0.233 for the structure with a high deck, and 0.11 for
the structure with a low deck. Increasing the span, equivalent to a
drop in temperature, closed the expansion joint for both structures.
21. Shrinkage of Concrete.-Auxiliary tests were made to deter-
mine the shrinkage of the concrete used in the three-span arch series.
The specimens were poured at the same time as, and were composed of
the same concrete as the superstructure of the three-span arch bridge
with a high deck, and were cured under the same atmospheric condi-
tions as the arch. The specimens were 9 in. thick, 12 in. wide and
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18 in. long, the transverse section being similar to an average section
of the arch rib. Three specimens were of plain concrete and three*
were reinforced with eight 1/2-in. round bars. The forms were stripped
when the specimens were 35 days old.
The reinforcing rods projected beyond the concrete at both ends
and extensometers, clamped to the projecting ends, indicated the
deformation of the steel. Each clamp was attached to four rods in
such a manner that the movement indicated by the extensometer was
the average deformation of the four. Two extensometers were at-
tached to the reinforcing rods of each reinforced specimen, so that
the average reading for the two extensometers was the average of
the deformations in the eight rods of the specimen. Extensometers
were also attached to the concrete at the ends of all specimens, both
plain and reinforced, to indicate the deformation of the concrete.
These extensometers were attached to clamps connected to stubs
embedded in the concrete and projecting from the ends of the speci-
men, similar to the projecting rods of the reinforced specimens. Each
clamp was fastened to four stubs distributed over the end of the
specimen so that the movement indicated by the extensometer was
the average deformation over the section.
The extensometers have a multiplication ratio of 5 to 1, and a
gage length of 18 inches, so that one division on the Ames dials indi-
cates a deformation of 0.0000111 in. per in.
The specimens were stored in a rack in the east abutment of the
concrete arch. The extensometers were attached before the concrete
was poured, and the forms were designed so that they could be re--
moved without disturbing the specimens or extensometers. The initial
readings were taken from one to two hours after the concrete was
poured, and subsequent readings were taken at intervals of one hour
during the first 24 hours, and at increasing intervals, as indicated by
the diagrams, as the specimen aged. Thermometer wells were provided
in the specimen, and the temperature of both the concrete and the air
was taken at each reading of the extensometers, and the extensometer
readings were corrected for temperature differences. The maximum
temperature difference of 11 deg. F. occurred ten hours after pouring.
After 48 hours the temperature differences were very small. The
thermal coefficient for green concrete is uncertain, but a value of
0.000006 per deg. F. was used in the corrections for temperature
differences.
*Three specimens were made, but the data from one were so erratic that they have not
been reported.
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FIG. 56. TIME-SHRINKAGE RELATION FOR PLAIN CONCRETE
The time-shrinkage curves for all of the plain specimens and for
the period of the test, 190 days, are given in Fig. 56. All specimens
expanded during the first 5 days and then began to shrink, returning to
their original volume at the end of 10 days. All the specimens behaved
in much the same manner and continued to shrink up to the end of the
190 day period. Stripping the forms, which occurred when the speci-
mens were 35 days old, had no appreciable effect upon the rate of
shrinkage. The time-shrinkage curves for the two reinforced speci-
mens are given in Fig. 57. These specimens also had an initial ex-
pansion followed by shrinkage.
The shrinkages of the plain and reinforced specimens are com-
pared in Fig. 58. The curve for the plain concrete is for the average
of three specimens, and the curves for the reinforced specimen are
the averages for two specimens. The unit shrinkage is based upon a
length of 18 inches, the overall length of the block for both the plain
and the reinforced specimens. But the extensometers for the concrete
were attached to stubs embedded in the concrete, whereas, for the
reinforced specimens, they were attached directly to the reinforcing
steel. The difference in the manner of attaching the instrument may
have caused the difference between the two curves for the reinforced
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specimen, one for the steel and the other for the concrete. The unit
deformation is based upon a gage length of 18 in. in both instances.
The true unit shrinkage of the concrete in the reinforced specimen is
probably somewhat greater than the curve of Fig. 58 indicates.
The unit shortening in the steel is 188, 306, and 348 millionths of
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an inch per inch at 60, 120, and 180 days, respectively. The corre-
sponding stresses in lb. per sq. in. are 5640, 9180, and 10 440. The
tension in the concrete at the last stress is about 150 lb. per sq. in.
With E taken as 3 300 000 lb. per sq. in., the shortening of the con-
crete of the reinforced specimen of 0.000348 in. per in., assumed to be
the same as for the steel, is equal to the instantaneous deformation of
concrete due to a stress of 1050 lb. per sq. in. This is two or three
times the rib shortening due to the usual dead-load stress under in-
stantaneous loading for a medium length arch.
22. Deflection Due to Time Yield of Concrete.-Tests were made
to determine the vertical movement of load points due to the time
yield and the shrinkage of the concrete. The structure with a high
deck was 42 days old, and the one with a low deck was 33 days old,
when the test was started. The first set of readings was taken when
all terminals were in their normal position, and when the structure
carried no load except its own weight. The design dead load was then
applied, and a second set of readings taken as soon as the terminals
had been returned to their normal position; the elapsed time between
the two sets of readings was about 3 hours for the structure with a
high deck, and about 6 hours for the structure with a low deck. Sub-
sequent readings were taken at frequent intervals during the follow-
ing days as the regular testing routine permitted. The results of the
tests are shown in Fig. 59. The tops of the piers moved slightly.
Figure 59 presents one set of curves showing the deflection as
measured, and a second set corrected for the horizontal movement
of the pier tops. For the structure with a high deck the deflection due
to time-yield and shrinkage during a 20-day period, beginning when
the concrete was 42 days old, was greater than the short-time deflec-
tion due to the dead load. For the structure with a low deck, the
deflection during a 7-day interval, beginning when the structure was
33 days old, was about two-thirds as great as the short-time deflection.
VIII. DIscussION OF RESULTS
23. Effect of Deck on Fixed-End Reactions. - The influence
lines for fixed-end reactions for a rib without deck, and for an arch
having a high deck, both with and without intermediate expansion
joints, are compared in Fig. 7. A similar comparison for a rib with-
out deck, and an arch having a low deck, is also made in Fig. 7. The
diagrams show that the values for horizontal thrust for the four struc-
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tures having a deck arc nearly alike, and that they are much less than
that for the rib without deck. The vertical shears for the structures
having a dck with expansion joints are about the same as for a rib
without deck, and both differ materially from those for a structure
having a deck withoutF expansion joints. The fixed-end moment is
much less for the structure having a deck wiare ne rly alike, and that they are much less thants
than it is for the rib without deck, and the vertfixed-end momentshears for t  s ructures
structure having a deck with expansion joints arelies betweenabout th  same as for a rib
having a deck without expansion joints. The fixed-end moment is about the same
for a structure havistrng a high deck without expansion joints as it is
for one having a low deck without expansion joints.
The stress at the springing of a single span due to load is governed
almost entirely by the fixed-end moment. It is therefore very much
less for the structure having a deck without expansion joints than it
is for the other two structures. For the single span having expansion
joints in the deck, the weak section is at C3. The influence lines for
stress at this section for various types of single-span structures are
given in Fig. 60.
The fact that the deck reduces the moment at the ends (due to
loads) where its strengthening of the rib is the least, is of special
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interest in considering the load-carrying capacity of a rib and deck
designed to function as a continuous structure.
24. Influence of Flexure of Piers on Stress in Arches.-Figures 11,
14, 17, 20, 23, 26, and 29, presenting the influence lines for the re-
actions of the piers on the center span, show that the flexure of the
piers modifies the shape of the influence lines for moment and hori-
zontal thrust, but does not modify appreciably the influence line for
vertical reactions. The stress at the springing, possibly the weak
section of an arch having a deck without intermediate expansion
joints, is, approximately, a direct function of the moment, and the in-
fluence lines for the moment referred to show that the live-load com-
pression at the springings will be greater at the intrados and less at
the extrados for all five types of three-span structures on high piers
than for similar single spans with fixed ends. However, the stress at
this section is not critical for the structure tested.
• azo
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•0.1200'q
0.04
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The moment at section C4 (the weak section of a three-span
structure consisting of a rib without deck*) is a function of all three
components of the reactions at the springing, and the effect of the
change in moment is offset by the change in the horizontal and vertical
reactions. The influence lines for stress at section C4 for three-span
structures having a rib without deck and with pier heights of 20 ft.,
15 ft., 10 ft., and 0 ft. (single span with fixed ends), are given in
Fig. 61. These diagrams show that, even if the flexure of the pier
greatly affects the reactions at the springings, the effect of the pier
height on the stress at section C4 is much less. The stress at point C4
due to the design live load is 36 per cent greater for a three-span
structure having 20-ft. piers than it is at section C3 for a single span
with fixed ends. The stress at the same point due to the total design
load, dead load plus live load, is 13 per cent greater for a three-span
structure having 20-ft. piers than the maximum stress in a single span
with fixed ends. All the values used in this comparison were deter-
mined by the elastic theory, and are based on a value of n 9. It
was assumed, furthermore, that concrete takes tension, and that the
abutments and the bases of the piers are fixed.
The moment at section C3, the weak section of a structure having
a deck with intermediate expansion joints, is a function of all three
components of the reaction at the springing. The influence lines for
stress at section C3 for various types of three-span structures having
a pier height of 20 ft. are given in Fig. 39. These influence lines for the
structures with a deck were determined from an algebraic analysis
based on experimentally-determined elastic constants. The stress due
to the design live load is somewhat greater (145 lb. per sq. in.) for the
structure with a high deck having 20-ft. piers than for a similar single-
span structure with fixed-ends. This increase is 28 per cent of the
stress due to live load, and 14 per cent of the stress due to dead load
plus live load in a single span with fixed ends.
The influence lines for stress at section C3 for a three-span struc-
ture having a low deck with intermediate expansion joints and a pier
height of 20 ft., show a stress due to the design live load 173 lb. per
sq. in. greater for the three-span structure than for a similar single
span with fixed ends. This is 31 per cent of the stress due to the live
load and 16 per cent of the stress due to the live load plus dead load
for the single span.
For a composite structure consisting of a rib and deck without in-
termediate expansion joints, the live-load moment over the central
*See Bulletin No. 269.
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portion of the center span of the three-span series is greater than that
for a single span with fixed ends; but the composite structure con-
sisting of the rib and deck has a much greater moment resisting ca-
pacity than a rib without deck, and the presence of a large moment
over the central portion of the span is more than offset by the
strengthening effect of the deck.
25. Effect of Variations in Modulus of Elasticity of Concrete on
Stress in Rib.-In the study made to determine the effect of a vari-
ation in the modulus of elasticity of the concrete on the stress in a
three-span arch series with a deck, the influence lines for stress were
determined for two structures which had the same dimensions, but
which were assumed to have been made of material having different
physical properties. For the first structure, the elastic constants were
the same for all spans, but for the second structure, while the elastic
constants for the center span were the same as for the first structure,
those for the end spans were only two-thirds as great. This compari-
son was made for structures having a high deck with and without in-
termediate expansion joints, the pier height being 20 ft. in both in-
stances. The influence lines for stress at the critical sections, given
in Fig. 42, indicate that the assumed variations in the physical
properties did not greatly change the influence ordinates for stress,
and it is believed that any variation in the modulus of elasticity of
the concrete that is likely to occur in an arch rib will not seriously
affect the live-load stresses. However, because of the peculiar action of
a multiple-span arch on high piers, the effect of variations in the
properties of the material on the dead-load stresses is not easily de-
termined.
For the three-span structure consisting of a rib without deck the
weak section is at section C4. For a homogeneous symmetrical struc-
ture the dead-load stress should have the same value at sections E4,
E5, C4, C'5, W4, and W5. The most dependable experimental method
of obtaining the dead-load stress is to determine the magnitude of the
thrust from the measured reactions, and the position of the thrust
from the measured strain at the intrados and extrados. The consistent
relation between the pressure centers located from the measured strain
and the thrust line located by the elastic theory, shown in Fig. 47 of
Bulletin No. 269, apparently justifies the conclusion that the dead-load
stresses in the three-span structure consisting of a rib without deck
did not differ greatly from those in a similar single-span arch sub-
jected to the same dead load.
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TABLE 47.
DEAD-LOAD STRESSES DETERMINED FROM THRUST.
Structure with Deck without Intermediate Expansion Joints.
Stresses are in lb. per sq. in.
Stress at Intrados at Section
Average
A of B of B of C of C of D of
Span AB Span AB Span BC Span BC Span CD Span CD
Structure with high deck -287 -267 -176 -110 -215 -338 -232
Structure with low deck.. -181 -198 -137 -122 -137 -154 -155
TABLE 48.
DEAD-LOAD STRESSES DETERMINED FROM THRUST.
Structure with Deck with Intermediate Expansion Joints.
Stresses are in lb. per sq. in.
Stress at Extrados at Section
Average
E3 E6 C3 C6 W3 W6
Structure with high deck -711 -437 -782 -606 -638 -707 -647
Structure with low deck.. -560 -755 -610 -685 -626 -637 -646
For the structures having a deck without intermediate expansion
joints the critical stress is at the intrados of section B of span BC.
The dead-load stress should be the same at the springings of all spans.
The stresses at these sections, determined from the measured thrust,
the line of action of which was located from the measured strain, are
given in Table 47. The maximum and average values for the structure
having a high deck are 338 lb. per sq. in. and 232 lb. per sq. in., re-
spectively, and the maximum and average values for the structure
having a low deck are 198 lb. per sq. in. and 155 lb. per sq. in., re-
spectively.
For the structures having a deck with intermediate expansion
joints the critical stress is at the extrados of section C3. The thrust
lines and centers of pressure for these structures are shown in
Fig. 47. The dead-load stresses at the sections corresponding to
section C3, determined from the measured thrust, the line of action
of which was located by the measured strain, are given in Table 48.
The maximum and average values for the structure having a high
deck are 782 lb. per sq. in. and 647 lb. per sq. in., respectively, and
ILLINOIS ENGINEERING EXPERIMENT STATION
the corresponding values for a structure having a low deck are 755
lb. per sq. in. and 646 lb. per sq. in., respectively.
The data presented in the preceding paragraphs have value only as
interesting information pertaining to a limited number of individual
structures, and cannot be made the basis of any general conclusions
relative to the effect of variations in the material on the dead-load
stresses in a multiple-span arch bridge. They do indicate, however,
the possibility of the random occurrence of a dead-load stress at some
section 100 to 150 lb. per sq. in. greater than the dead-load stress at
the corresponding section in a similar single-span arch subjected to
the same load; but it is not clear that this excess in the dead-load
stress is due to variations in the properties of the concrete. An ex-
tended study of this subject is suggested. The structures used in this
study should consist of a rib without deck so as to be readily suscep-
tible of algebraic analysis, and the modulus of elasticity of the con-
crete should be assigned different values in various parts of the struc-
ture. Algebraic analyses of these structures should establish the
probable effect of the variations in modulus of elasticity of the con-
crete on the dead-load stresses in a multiple-span arch series.*
26. Effect of Intermediate Expansion Joints.-The desirability of
using intermediate expansion joints in the deck of an arch depends
on whether movement will take place if they are provided, and also
on the effect they will have on the strength of the structure. The
tests indicate that the ratio of the horizontal movement at an expan-
sion joint to the change in span is 0.23 and 0.11 for the high-deck and
the low-deck structures, respectively. If expansion joints are not pro-
vided the restraint of the deck will produce a deflection of the spandrel
columns commensurate with the movement that would take place if
the joints were provided. The deflection diagrams of Figs. 52 and 54
show that the structure without intermediate expansion joints is stiffer
than the one with joints.
The capacity tests of the structure without intermediate expan-
sion joints were not carried to failure, and the relative strength of
structures with and without expansion joints is not known definitely.
Certain facts, however, that bear upon this question are quite clearly
established: (1) For the structure without expansion joints, five live
loads in addition to the dead load produced nothing more than hair-
cracks in the rib, and there were no cracks in the spandrel columns or
deck large enough to indicate that failure was impending. (2) The
*For a similar study of a single-span arch rib see "Dependability of the Theory of Con-
crete Arches," Univ. of Ill. Eng. Expt. Sta. Bul. 203, 1930.
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section where the deflection of the pier causes the greatest increase in
the stress is near the center of the span where the strengthening effect
of the deck is the greatest. (3) Although the thrust line for the struc-
ture as a whole falls outside the rib over the center part of the center
arch, as shown in Figs. 45 and 46, the strain diagrams show little, if
any, tension at the section where failure of the rib is most likely to
occur, indicating that the thrust taken by the rib does not go much,
if any, outside the kern. All these facts are indicative of a consider-
able strengthening effect from a deck without expansion joints at the
weak sections of a three-span series of arches on high piers, and this
strengthening effect is largely eliminated by the intermediate expan-
sion joints.
For the structure with a high deck, the temperature moment at
the springing is 28 per cent greater without intermediate expansion
joints than with them. For the structure with a low deck the differ-
ence is nearly zero. For the structure without intermediate expansion
joints the temperature moment on the middle of the structure is re-
sisted by the rib and deck acting integrally. For a structure with in-
termediate expansion joints, if the expansion joint is in the panel
containing the intersection of the temperature thrust line and the
axis of the arch, the temperature moment in the rib in the panel con-
taining the expansion joint will be small.
27. Unit Stress Due to Design Load.-The unit stresses due to
design load are compared for a number of structures in Table 49. The
stresses in the structure having a rib without deck were determined
by the elastic theory. The dead-load stresses in the three-span struc-
tures having decks were determined from the measured thrust, the
lines of action of which were obtained from the measured strain. The
live-load stress for these structures was determined by the algebraic
method based on experimental constants. The dead-load stresses for
the single span with fixed ends were determined by the elastic theory,
on the basis that the rib carried the dead load unrestrained by the
deck. The dead load is shown in Fig. 8, and is the same for all struc-
tures. The live load consists of a uniform moving load equivalent to
a panel load of 960 lb. with a single concentration of 1800 lb. to be
superimposed on the distributed load. For each structure the live load
is distributed so as to produce the maximum compression at the criti-
cal section of that structure. The critical sections are listed in column
3, Table 49, and the live load for maximum stress at that section is
referred to by number in column 4. The live load corresponding to
this number is given in Table 50.
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TABLE 50.
DISTRIBUTION OF LIVE LOAD FOR MAXIMUM STRESS.
Loads are in pounds.
Section
t L.- t d- J
No.
C1
1 368
2 300
3 198
4 960
5 960
6 960
7 960
8 0
9 960
10 960
11 960
12 960
13 0
14 960
15 960
C2
953
939
898
960
2 760
2 760
2 760
0
960
960
960
2 760
0
960
960
C3
960
960
960
2 760
960
960
960
363
2 760
2 760
2 760
960
376
2 760
2 760
C4
2 760
2 760
2 760
647
960
960
960
952
959
917
968
960
954
960
941
C5
938
919
881
18
956
880
474
960
433
236
152
960
960
C6
296
240
169
0
401
169
0
2 760
0
0
0
703
2 760
39
308 0
C'7
0
0
0
0
0
0
0
960
0
0
0
34
960
0
0
C8
0
0
0
0
0
0
0
960
0
0
0
0
960
0
0
For the structure with a high deck, and with intermediate ex-
pansion joints, the compression at the extrados at section C3 is 1447,
1393, and 1066 lb. per sq. in., respectively, for structures having pier
heights of 20, 10, and 0 ft., respectively. A stress of 1447 lb. per sq. in.
for the three-span series compared with one of 1066 lb. per sq. in. for
a single span with fixed ends is of interest; but it should be noted that
a considerable part of this difference occurs in the dead-load stress.
These values are comparable with 1236, 1155, and 1089 lb. per sq. in.
for similar structures having a rib without deck. In this case, also, the
difference is in the dead-load stress. For the structure with a low deck
the dead-load stresses are smaller and the live-load stresses greater
than for the structure with a high deck, but the differences do not
exceed possible experimental errors, and the two structures appear to
have about the same load-carrying capacity.
The stresses for the structure having a deck without intermediate
expansion joints are for the section at the east springing, and are very
low. Whether danger of failure for these structures is greater over the
central part than at the east springing was not definitely determined,
but there was nothing to indicate that it is. However, failure in the
superstructure followed by failure of the rib is possible, and the stress
at the springing is not a reliable indication of the likelihood of failure
in the deck. Each of the structures having a deck without intermedi-
ate expansion joints carried the design dead load plus five times the
design live load, the live load being distributed for maximum moment
ve 
oa
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about the axis of the rib on a section through C4, and there was no
indication that failure was impending in either the deck or the rib.
28. Load-Carrying Capacity of Various Structures.-The results of
the capacity tests are very reassuring. All structures were tested at
a pier height of 20 ft. Both structures having a deck without inter-
mediate expansion joints carried five live loads in addition to the
dead load without indication of impending failure, both when loaded
for failure at the springing, and also for failure at section C4. Both
structures having a deck with intermediate expansion joints carried a
little more than six live loads in addition to the design dead load.
This was true even though the computed stress due to the design load,
given in Table 49, was higher than specifications usually allow.
The compressive stress at failure for the three-span structure con-
sisting of a rib without deck was approximately 3800 lb. per sq. in.,*
comparable with the strength of the concrete in the control specimens
of 3310 lb. per sq. in. The compressive stress at failure for the struc-
ture having a high deck with intermediate expansion joints, based
on measured reactions, was approximately 3200 lb. per sq. in., compa-
rable with a strength of the concrete, as determined by control cylin-
ders, of 3421 lb. per sq. in. The compressive stress at failure for the
structure having a low deck was approximately 4000 lb. per sq. in.,
comparable with a strength of the concrete, as determined by con-
trol cylinders, of 4281 lb. per sq. in.
29. Relative Merits of High and Low Decks.-The stresses in the
rib of the various structures due to the design load, given in Table 48,
indicate that there is not much difference between the load-carrying
capacities of the ribs of structures having high and low decks, re-
spectively. The temperature moment at the springing, for structures
having intermediate expansion joints, is about 64 per cent greater for
the high deck than it is for the low deck. For structures without inter-
mediate expansion joints the difference is about 31 per cent.
The low deck is integral with the rib at the crown, and the proba-
bility of a shear failure in the spandrel columns due to gravity loads
is probably less than for a structure with the deck a considerable
distance above the rib at the crown. The movement at the intermedi-
ate expansion joints due to a change in span is very much less for
the low deck than it is for the high deck, making the need for ex-
pansion joints less for the former than for the latter structure. The
*See Bulletin No. 269.
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structures with low decks are much stiffer than the corresponding
structures with high decks.
IX. SUMMARY
30. Summary.-The experimental data presented in this bulletin
apparently justify the following conclusions:
(1) The influence ordinates for fixed-end reaction are quite differ-
ent for a structure having a deck from those for one consisting of a
rib without a deck. The effect of the deck is to reduce the moment at
the springing due to load, where it is all resisted by the rib, and to
increase the moment over the middle of the span where the deck acts
with the rib. The effect of the deck is to increase the temperature
moment at the springing.
(2) The reactions at the springing can be determined by an alge-
braic method, using experimentally-determined fixed-end reactions
and elastic constants for the arch spans. The constants may be ob-
tained from tests of single-span concrete structures or of celluloid
models. A considerable variation in the elastic constants will not seri-
ously affect the resulting stresses if the constants are statically con-
sistent, but the fixed-end reactions must be determined accurately if
the analysis is used to determine the dead-load stresses.
(3) A deck without intermediate expansion joints increases the
stiffness and the moment-resisting capacity of the central part of the
structure. Intermediate expansion joints reduce both of these effects.
The ratio of the movement at each expansion joint to a change in
span is about 0.23 for the structure with a high deck, and 0.11 for
that with a low deck.
(4) For the structure with a high deck with intermediate expan-
sion joints, the unit compression due to design load was 36 per cent
greater for the three-span structure on 20-ft. piers than for a single
span with fixed ends, as determined by the elastic theory. For the
structure with a low deck with intermediate expansion joints the dif-
ference was 21 per cent. A considerable part of this difference was
due to the difference in the dead-load stress, a function which would
not have been influenced by the flexure of the piers if the specimen
had been a symmetrical structure of homogeneous material, sym-
metrically loaded.
(5) There is considerable evidence indicating that the dead-load
stress in a multiple-span structure may exceed the corresponding
stress in a similar single span having fixed ends.
(6) The concrete in the arch developed approximately the same
unit stress as the same concrete in the 6 by 12-in. control cylinders.
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